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Discrete Mathematics:
Relations
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representing relations

some special ways to represent binary relations:
— with a zero-one matrix
— with a directed graph.
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Zero-one matrices

a binary relation R:AXB can be represented by a matrix Mr = [mjj]
mij; = | if (ai, bj) e R
mij = 0 if (ai, bj) Z R

A = {Joe, Fred, Mark}, B = {Susan, Mary, Sally}
suppose Joe likes Susan and Mary, Fred likes Mary, and Mark likes Sally

Susan \ Mary “Sally
Joe [ 1 ! 0«

Fred 0 1 0
Mark 0 0 |
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Zero-one matrices
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properties of the relation, reflexive, irreflexive, symmetric, and
antisymmetric, are very easy to recognize by inspection of the zero-one

matrix.
1 any- 0 any- | .. 0 |
thing thing L
1 0 1 ?fzf%O 1
o 0 0"
o any-
e | |hing 0 0
Reflexive: Irreflexive: Symmetric: Antisymmetric:
all 1’s on diagonal | all 0’s on diagonal all identical all 1’s are across
across diagonal from 0’s

(@0
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Zero-one matrices

the relation R on a set is represented by the zero-one matrix

reflexive!?
symmetric?
antisymmetric?




Acg 2014 SRS MZIS MECHSH X|IAIS
combining relations

combining relations by set operations

set operations: union, intersection, and difference

A={1,2, 3} and B ={u, v}

RI={(1,u), (2,u), (2,), (3, w)}
R2 = {(I,v), (3,u), 3, V)

RI u R2 ={(l,u),(2,u),(2,v), (3,0),(I,V), (3,v)}
RI n R2 ={(3, u)}

RI - R2 ={(l,u), (2,u), (2, v)}

R2 - RI ={(1,v), (3,V)}
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combining relations

union of two relations Rl and R2 can be represented in terms of matrix

operations

mj; = ajj V bj; for alliland i

A={1,2,3}and B'= {u,v}

RI = {(1,u), (2, u), (2.9 (3. W)}

R2 = {(1,v), 3, u), 3, V)}

Mri = |l

0 Mr2 =
| |
0

0 |
0 O
b

Mrivr2= Mr1 VMr2=| | |

(@0
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combining relations

intersection of two relations R1 and R2 can be represented in terms of
matrix operations

mij; = ajj A bjj for alliland i

A={1,2,3}and B'= {u,v}
RI={(1,u), (2, ), (2:v) (3, W}
R2 = {(l,v), (3,u), (3,V)}

Mri = |l

0 Mr2 =
| |
0

MRrinr2=MrR1I A MR2 =

0 |
0 O
b

— O O
o O O
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combining relations

let R:A x B,and S: B X C. Then the composite S © R of R and S is
defined as:
S o R ={(a,c) | 3b:aRb A'bSc}

A B C
b o= e C
a N NRA——o—
o »O [ —©®
,-/ - ’/-/
o Q(\____- —0
—— e
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combining relations

boolean product of two relations RI(m x n) and R2(n x p) can be
represented in terms of matrix operations

mjj = | if a;= landbk=lfork=1,2,...,n

0 otherwise

A={l,2},B={l,2,3} C ={a, b}

R (a relation from A to B) = {(1,2), (1, 3),(2, 1)}
S (a relation from B to C) = {(1,2),(3,b), (3,2)}
SoR={(l,a),(l,b),(2,2)}

Mr= 01 I Ms =10 Ms.r MROMs= 1| |
100 00 | O
| |

(@0
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directed raphs

a directed graph or digraph G=(Vg,Eq) is a set Vg of vertices (nodes)
with a set EcCVsXVg of edges (arcs, links).

visually represented using dots for nodes, and arrows for edges

notice that a relation R:A*B can be represented as a graph

Gr=(Vc=AuUB, Ec=R).

Matrix representation M
Susan Mary! Sally

Joe [ 1 1 0 7
Fred 0 1 0

Mark 0 0 1

Lggesct £
Gy ap}} (blue 3rrows)
rep. Gp: . . Susan
Fred o ‘e Mary
Mark Sally
Node set V;
(black dots)

(@0
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directed graphs

R={(1, 1), (1,3), (2, 1), (2,3),(2.4), 3. 1):(3, 2), (4, | )}
on the set {l,2, 3,4}
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digraph reflexive, symmetric

it is easy to recognize the reflexive, irreflexive, symmetric and
antisymmetric properties by graph inspection.

& z @ o e ® o
Ooﬁ) {{{ |
. 0.0 570, 8. 0.

Reflexive: Irreflexive: Symmetric; | Antisymmetric:
Every node No node Every link is No link is
has a self-loop links to itself bidirectional  bidirectional

(@0
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closures of relations

for any property X, the “X closure” of a set A is defined as the
“smallest” superset of A that hasthe given property.

reflexive closure
symmetric closure

transitive closure
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reflexive closure

the reflexive closure of a relation R on A is obtained by adding (a,a) to
R for each acA;i.e,itis R ula

R=A{(l, 1), (1,2), (2, 1),(3,2)} on the set A = {I,2, 3}
reflexive closure of R = {(1, ), (15 2), (2, 1),(3,2),(2,2), (3, 3)}

R ={(a,b) | a < b} on the set of integers is not reflexive

reflexive closure of R = {(a,b) | a = b}
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symmetric closure

the symmetric closure of R is obtained by adding (b,a) to R for each
(a,b) in R;i.e.,itis R u R~

R=A{(l,1),(1,2),(2,1),(3,2)} on the set A ={l,2, 3}
symmetric closure of R = {(I, 1), (1,2),(2, 1), (3,2), (2, 3)}

R ={(a,b) | a < b} on the set of integers-is not symmetric
symmetric closure of R is R U R!'={(a,b) | 2> b} u {(b,a) | a > b}
={(a,b) | a# b}

(@0
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transitive closures

the transitive closure or connectivity relation of R is obtained by
repeatedly adding (a,c) to R for each (a,b),(b,c) in R.

Finding a transitive closure.isto find all pairs of elements that are
connected with a directed path

R ={(I,2),(2,2),(2,3)} on the setA ={1,2, 3} is not transitive.
transitive closure of R = {(1,2),(2,2),(2,3), (1, 3)}

\/ \/

RN RN
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y paths In digraphs

a path of length n from node a to b in the directed graph G is a
sequence (3, X1), (X1, X2), ..., (xn=1, b) of n ordered pairs in Eg

a path of length n> 1| from a to itself is called a circuit or a cycle.
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y paths In digraphs

note that there exists a path of length n from a to b in R if and only if
(a,b)eR".

length=1: there is a path from a to b of length | if and only if (a,b) € R
length=n: assume that the theorem is true

length=n+1: c € A such that there is-a path of length one from a to c,
(a,¢) € R and a path of length n from c to b, (¢, b) € R". By the
inductive hypothesis; there is a path-of length n+| from a to b iff there
is an element c with (a;c) € R and (c,b) € R™ Therefore, there is a

path of length n+1| form a to b iff (a, b) € R

(@0




M 2014 St SMZISH MTLiSh X| ALY
connectivity relation

Let R be a relation on a set A.The connectivity relation R* consists of all
pairs (a, b) such that there is.a path of any length between aand b in R

R*=O R/
k=1

R={(1,2), (2 3), (3, 4),(l,4)} on theset A={1,2,3; 4}
R? =4(1,3),(2,4)}

| > 2 R3 = {(1, 4)}
| | R* =7
4 <« 3 .

= ‘@@@@
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connectivity relation

Let R be a relation on a set A.The connectivity relation R* consists of all
pairs (a, b) such that there is.a path of any length between aand b in R

R*=O R/
k=1

R ={(1,2),(2,3),(3,4),(l,4)} on theset A={l; 2, 3,4}

—

R? =H(1,3),(2.4)}

R¥=H(V.4)}
R* = {}

R = {(1,2),(2,3), <3,4>,<"4>"@®®@
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powers of R

R ={(1,2),(2,3),(2,4), (3, 3)} on the set A={l, 2, 3, 4}
R ={(1,2), 2,3), (2,4 G, 3)} Q

1
R%={(1.3),(1.4), (2,3),(3, 3)]
R ={(1.,3),(2.3), (3:3)}

R*={(I,3),(2,3),(3,3)} 2 4
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transitive closures

MR is the zero-one matrix of the relation R on a set with n elements.
the zero-one matrix of the transitive closure R* is

Mrx = Mg V MRrl2 v Mg Bl v o0V Mg I

Find the zero-one matrix of the transitive closure of the relation R where

1 0 1
M,=| 0 1 0

1 10

11 1 Y \\\
M= 010 MY =00

1 1 1 RN

Mg+ = Mr vV Mr[2 v Mg Bl =

_—0 =
)
—_— O =

(@0
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transitive closures

Mrc = Mg V MRl v MR Bl v v Mg I

procedure transitive closure (Mr:zero-one n x n matrix)
A = Mr
B:=A
fori:=2ton
A=A 0 Mg Zn-i)(n-1)
B:=BVA 5
return B {B is the zero-one matrix for R*}

n%(2n-1)(n-1) bit operations

| t
T for loop

for multiplication and addition for it row and j* column

for each MR

(@0




