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Chapter 3. Euclidean vector space 

Vectors in 2-dimensional and 3-dimensional spaces (i.e., ݕݔ-plane and ݖݕݔ-space, respectively) could be 

understood either as vectors in geometry or as vectors in a coordinate system. Since we are familiar to the 2-D 

and 3-D spaces through the geometry, vectors in 2-D and 3-D spaces could have geometrical meaning and thus 

make the understanding of vectors much easier.  

 

3.1 Vectors in 2-D and 3-D spaces 

3.1-1 Geometrical representation of vectors 

A vector is an entity which has both magnitude and direction. In a geometrical approach, it is represented by a 

directed line segment or arrow that corresponds to a displacement from one point A (initial point) to another point 

B (terminal point). We denote it by ࢜ ൌ ABሬሬሬሬሬԦ. In this geometric representation, we can define algebraic operations 

on vectors as following: 

(1) equal vectors: vectors with the same length and same direction are equal even though they may be located in 

some different position (see Figure 3.1). 

 

Figure 3.1 Two equal vectors: ABሬሬሬሬሬԦ and CDሬሬሬሬሬԦ 

 

(2) vector addition: If ࢜ and ࢝ are two vectors, the sum ࢜ ൅࢝ is the vector determined as follows: Position 

the vector ࢝ so that its initial point coincides with the terminal point of ࢜. The vector ࢜ ൅ ࢝ is represented 

by the arrow from the initial point of ࢜ to the terminal point of ࢝, as shown in Figure 3.2. It is evident that 

࢜ ൅ ࢝ ൌ ࢝൅ ࢜ and the sum coincides with the diagonal of the parallelogram determined by ࢜ and ࢝ when 

these vectors are positioned so that they have the same initial point (parallelogram law). 

 

Figure 3.2 Vector addition: ࢜ ൅ ࢝ ൌ ࢝൅ ࢜ 

 

(3) negative vector: If ࢜ is any non-zero vector, then െ࢜, the negative of ࢜, is the vector that has the same 

length as ࢜ but is heading opposite direction. Then, 

࢜ ൅ ሺെ࢜ሻ ൌ ૙ 

where ૙ is the zero vector.  

(4) If ࢜ and ࢝ are two vectors, the difference ࢜ െ࢝ is defined by  
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࢜ െ ࢝ ൌ ࢜ ൅ ሺെ࢝ሻ 

Figure 3.3 illustrates two equivalent representation of the difference of two vectors. 

 

Figure 3.3 Two equivalent representation of vector difference: ࢜ െ ࢝ 

 

(4) scalar multiple: If ࢜ is a non-zero vector and ݇ is non-zero real number (scalar), then the product ݇࢜ 

(usually called scalar multiple) is a vector whose length is |݇| times the length of ࢜ and whose direction is 

the same as that of ࢜ if ݇ ൐ 0 and opposite if ݇ ൏ 0. When ݇ ൌ 0, ݇࢜ ൌ ૙. 

 

3.1-2 Vectors in coordinate system 

A geometrical representation often causes ambiguity since it does not precisely provide information about its 

characteristic. In particular, there is no restriction on their initial points, which make arithmetic with vectors 

difficult. This problem can often be simplified by using a coordinate system. In this approach, we restrict the 

initial point of a vector be at the origin and represent the vector using the coordinates of the terminal point of the 

vector, so that we can denote a vector with an ordered pair of real numbers; e.g. the vector in Figure 3.4 can be 

represented as 

ࢇ ൌ OAሬሬሬሬሬԦ ൌ ሺ2, 1ሻ or ࢇ ൌ ቂ2
1
ቃ  

 

Figure 3.4 A vector in a (rectangular) coordinate system 

This vector is assumed to be a 2-dimensional vector. In general, we define Թ௡ (so called n-dimensional 

Euclidean vector space: here Թ represents a set of real numbers) as the set of all ordered ݊-tuples of real 

numbers, written as 

࢈ ൌ ሺܾଵ, ܾଶ, … , ܾ௡ሻ ൌ ൦

ܾଵ
ܾଶ
⋮
ܾ௡

൪ 

In this representation, we can define algebraic operations on vectors in terms of vector components. 

(1) equal vectors: two vectors, ࢜ ൌ ሺݒଵ, ࢝ ଶሻ andݒ ൌ ሺݓଵ,ݓଶሻ are equal, if their corresponding components 

are the same: i.e. 

ଵݒ (3.1) ൌ ଶݒ ଵ andݓ ൌ  ଶݓ
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(2) vector addition: If ࢜ ൌ ሺݒଵ, ࢝ ଶሻ andݒ ൌ ሺݓଵ,ݓଶሻ, then 

(3.2) ࢜ ൅࢝ ൌ ሺݒଵ ൅ ,ଵݓ ଶݒ ൅  ଶሻݓ

(3) scalar multiple: If ࢜ ൌ ሺݒଵ,   ଶሻ is a non-zero vector and ݇ is non-zero real number (scalar), thenݒ

(3.3) ݇࢜ ൌ ሺ݇ݒଵ,  ଶሻݒ݇

(4) vector difference:  

(3.4) ࢜ െ ࢝ ൌ ࢜ ൅ ሺെ1ሻ࢝ ൌ ሺݒଵ െ ,ଵݓ ଶݒ െ  ଶሻݓ

As we can see, operations on vectors are defined as component-wise operations. In vector arithmetic, the 

vector addition and the scalar multiplication are two main operations. Their combined operations is called the 

linear combination of vectors; i.e. 

(3.5) ࢜ ൌ ܿଵ࢜ଵ ൅ ܿଶ࢜ଶ ൅⋯		ܿ௞࢜௞ 

where the scalars, ܿଵ, ܿଶ, … , ܿ௞, are called the coefficients of the linear combination. Also, these two operations 

obey the general arithmetic rule (in component-wise) defined on the set of real numbers. 

Theorem 3.1 (Algebraic properties of vectors inԹ௡) Let ࢛, ࢜, and ࢝ be vectors in Թ௡. Then, for scalars ܿ and 

݀, 

1. ࢛ ൅ ࢜ ൌ ࢜ ൅ ࢛ (commutative rule) 

2. ሺ࢛ ൅ ࢜ሻ ൅ ࢝ ൌ ࢛ ൅ ሺ࢜ ൅ ࢝ሻ (associative rule) 

3. ࢛ ൅ ૙ ൌ ࢛ (additive identity) 

4. ࢛ ൅ ሺെ࢛ሻ ൌ ૙ (additive inverse) 

5. ܿሺ࢛ ൅ ࢜ሻ ൌ ࢛ܿ ൅ ܿ࢜ (distributive rule) 

6. ሺܿ ൅ ݀ሻ࢛ ൌ ࢛ܿ ൅ ࢛݀ (distributive rule) 

7. ܿሺ࢛݀ሻ ൌ ሺܿ݀ሻ࢛  

8. 1 ∙ ࢛ ൌ ࢛ (multiplicative identity) 

3.2 Norm, dot product, and distance in Թ௡ 

The term, Euclidean vector space Թ௡, refers to an ݊-dimensional vector space where we can relate some 

geometrical concepts to vectors. Recall that a vector is an entity with length and direction. We want to express 

these geometrical concepts in terms of mathematical notations. 

3.2-1 Dot product 

At first, we start from the length of a vector. 

Definition The dot product ࢛ ∙ ࢜ of two vectors ࢛ and ࢜ in Թ௡ is defined by 

(3.6) ࢛ ∙ ࢜ ൌ ଵݒଵݑ ൅ uଶݒଶ ൅   ௡ݒ௡ݑ⋯

where ࢛ ൌ ሺݑଵ, ,ଶݑ … , ࢜ ௡ሻ andݑ ൌ ሺݒଵ, ,ଶݒ … ,   .௡ሻݒ

If we denote each vector as column vector as 

࢛ ൌ ൦

ଵݑ
ଶݑ
⋮
௡ݑ

൪ and ࢜ ൌ ൦

ଵݒ
ଶݒ
⋮
௡ݒ

൪ 
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then we the dot product become 

࢛ ∙ ࢜ ൌ ்࢛࢜ 

Later, in a general vector space, we will denote it as the inner product. Therefore, the dot product is an inner 

product defined on Թ௡. The dot product function has the following arithmetic properties. 

Example 3.1 When ࢛ ൌ ሺ1, 2, െ3ሻ and ࢜ ൌ ሺെ3, 5, 2ሻ, ࢛ ∙ ࢜ ൌ 1 ∙ ሺെ3ሻ ൅ 2 ∙ 5 ൅ ሺെ3ሻ ∙ 2 ൌ 1 

 

Theorem 3.2 Let ࢛, ࢜, and ࢝ be vectors in Թ௡ and ܿ be a scalar. Then; 

1. ࢛ ∙ ࢜ ൌ ࢜ ∙ ࢛ (commutative rule) 

2. ࢛ ∙ ሺ࢜ ൅ ࢝ሻ ൌ ࢛ ∙ ࢜ ൅ ࢛ ∙ ࢝ (distributive rule) 

3. ሺ࢛ܿሻ ∙ ࢜ ൌ ܿሺ࢛ ∙ ࢜ሻ  

4. ࢛ ∙ ࢛ ൒ 0, and ࢛ ∙ ࢛ ൌ 0, if and only if ࢛ ൌ ૙. 

 

3.2-2 Length 

In 2-dimensional Euclidean vector space Թଶ, the length of a vector ࢜ ൌ ሺݒଵ,  ଶሻ is the distance from theݒ

origin to the terminal point, which is  

ඥݒଵ
ଶ ൅ ଶݒ

ଶ ൌ √࢜ ∙ ࢜  

The term, norm, is a mathematical generalization of the geometrical quantity, length, so that we can extend this 

concept beyond Թଷ. 

Definition The norm of a vector, ࢜ ൌ ሺݒଵ, ,ଶݒ … ,   ௡ሻ in Թ௡, is the non-negative scalar ‖࢜‖ defined byݒ

(3.7) ‖࢜‖ ൌ √࢜ ∙ ࢜ ൌ ඥݒଵ
ଶ ൅ ଶݒ

ଶ ൅ ⋯൅	ݒ௡ଶ 

Theorem 3.3 Let ࢜ be a vector in Թ௡ and ܿ be a scalar. Then, 

1. ‖࢜‖ ൌ 0, if and only if ࢜ ൌ ૙. 

2. ‖ܿ࢜‖ ൌ |ܿ|‖࢜‖ 

 

(1) A vector of length-1 is called a unit vector. 

(2) Given any non-zero vector ࢜, we can always find a unit vector in the same direction as ࢜ by 

dividing ࢜ by its own length. This is referred as normalizing a vector. 

(3) In Թ௡, the standard unit vector is a set of vectors, ሼࢋଵ, ,ଶࢋ … ,  ௜ is an all-zero vectorࢋ ௡ሽ, whereࢋ

except 1 in its ݅th component. 

 

Theorem 3.4 (Cauchy-Schwarz inequality) Let ࢛ and ࢜ be vectors in Թ௡. Then 

(3.8) |࢛ ∙ ࢜| ൑ ‖࢛‖‖࢜‖ 

(Proof) Consider, for a scalar ࢛ݐ‖ ,ݐ ൅ ࢜‖ଶ ൒ 0, for all ݐ. 

Since ‖࢛ݐ ൅ ࢜‖ଶ ൌ ሺ࢛ݐ ൅ ࢜ሻ ∙ ሺ࢛ݐ ൅ ࢜ሻ ൌ ଶ‖࢛‖ଶݐ ൅ ࢛ݐ2 ∙ ࢜ ൅ ‖࢜‖ଶ is a quadratic function of ݐ and is 
non-negative for all ݐ, we must have 
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|࢛ ∙ ࢜|ଶ ൑ ‖࢛‖ଶ‖࢜‖ଶ ∎ 

When ࢛ ൌ ሺݑଵ, ࢜ ଶሻ andݑ ൌ ሺݒଵ,   ଶሻ, (3.8) impliesݒ

ଵݒଵݑ| ൅ ଶ|ଶݒଶݑ ൑ ሺݑଵଶ ൅ ଶݑ
ଶሻሺݒଵଶ ൅ ଶݒ

ଶሻ 

Note that the equality holds when ࢛ ൌ ݇࢜.  

Theorem 3.5 (Triangle inequality) Let ࢛ and ࢜ be vectors in Թ௡. Then 

(3.9) ‖࢛ ൅ ࢜‖ ൑ ‖࢛‖ ൅ ‖࢜‖ 

(Proof) Since ‖࢛ ൅ ࢜‖ଶ ൌ ሺ࢛ ൅ ࢜ሻ ∙ ሺ࢛ ൅ ࢜ሻ ൌ ࢛ ∙ ࢛ ൅ ࢛ ∙ ࢜ ൅ ࢜ ∙ ࢛ ൅ ࢜ ∙ ࢜ ൌ ‖࢛‖ଶ ൅ 2࢛ ∙ ࢜ ൅ ‖࢜‖ଶ 

by the Cauchy-Schwarz inequality, we have 

‖࢛ ൅ ࢜‖ଶ ൑ ‖࢛‖ଶ ൅ 2|࢛ ∙ ࢜| ൅ ‖࢜‖ଶ ൑ ‖࢛‖ଶ ൅ 2‖࢛‖‖࢜‖ ൅ ‖࢜‖ଶ ൌ ሺ‖࢛‖ ൅ ‖࢜‖ሻଶ 

In geometry, we can construct the vector ࢛ ൅ ࢜ by connecting the initial point of the vector ࢛ with the terminal 

point of the vector ࢜ while we place the initial point of ࢜ at the terminal point of ࢛ as depicted in Figure 3.5. 

Then, norm of each vectors are the length of them.  

 

Figure 3.5 Geometrical illustration of triangular inequality 

3.2-3 Distance 

In 2-dimensional Euclidean vector space Թଶ, the distance between two vectors ࢛ ൌ ሺݑଵ, ࢜ ଶሻ andݑ ൌ
ሺݒଵ, ,ଶሻ, denoted by ݀ሺ࢛ݒ ࢜ሻ, is the distance from terminal points of each vectors: i.e.  

݀ሺ࢛, ࢜ሻ ൌ ඥሺݑଵ െ ଵሻଶݒ ൅ ሺݑଶ െ  ଶሻଶݒ

As we can see in Figure 3.3(b), it is the length of the difference vector, ࢛ െ ࢜. Thus, we can express the distance 

in terms of norm. 

Definition The distance (or metric), ݀ሺ࢛, ࢜ሻ, between two vectors ࢛ and ࢜ in Թ௡ is defined by  

(3.10) ݀ሺ࢛, ࢜ሻ ൌ ‖࢛ െ ࢜‖ 

 

Example 3.2 When ࢛ ൌ ሺ1, 2, െ3ሻ and ࢜ ൌ ሺെ3, 5, 2ሻ, the distance between two vectors is 

݀ሺ࢛, ࢜ሻ ൌ ‖1 െ ሺെ3ሻ, 2 െ 5, ሺെ3ሻ െ 2‖ ൌ ඥ4ଶ ൅ ሺെ3ሻଶ ൅ ሺെ5ሻଶ ൌ 5√2 

 

3.2-4 Angle 

Consider two vectors ࢛ ൌ ሺݑଵ, ࢜ ଶሻ andݑ ൌ ሺݒଵ,  ଶሻ in a 2-dimensional Euclidean vector space Թଶ, as seenݒ

in Figure 3.6. By applying the law of cosines to a triangle constructed by three vectors, ࢛, ࢜, and ࢛ െ ࢜, we 

have 

ܿଶ ൌ 	 ሺܾ െ ܽ ∙ ሻଶߠݏ݋ܿ ൅ ሺܽ ∙ ሻଶߠ݊݅ݏ ൌ ܾଶ ൅ ܽଶ െ 2ܾܽ ∙  ߠݏ݋ܿ

or 

‖࢛ െ ࢜‖ଶ ൌ ‖࢜‖ଶ ൅ ‖࢛‖ଶ െ   ߠݏ݋ܿ‖࢛‖‖࢜‖2
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Figure 3.6 Geometrical illustration of angle between two vectors ࢛ and ࢜:  

ܽ ൌ ‖࢛‖, ܾ ൌ ‖࢜‖, ܿ ൌ ‖࢛ െ ࢜‖ 
 

so that the angle between two vectors ࢛ and ࢜ are given by 

ߠݏ݋ܿ (3.11) ൌ 	
࢛∙࢜

‖࢛‖‖࢜‖
 

 

Example 3.3 When ࢛ ൌ ሺ2, 1, െ2ሻ and ࢜ ൌ ሺ1, 1, 1ሻ, the angle between two vectors is 

ߠݏ݋ܿ ൌ 	
࢛∙࢜

‖࢛‖‖࢜‖
ൌ

ଶ∙ଵାଵ∙ଵାሺିଶሻ∙ଵ

ඥଶమାଵమାሺିଶሻమඥଵమାଵమାଵమ
ൌ

ଵ

ଷ√ଷ
  

 

In geometry, we say two vectors are perpendicular or in right angle, if the angle between two vectors are is 

90°. If ߠ ൌ 90° or 270°, ܿߠݏ݋ ൌ 0 and so ࢛ ∙ ࢜ ൌ 0. In linear algebra, we make use of this relation to define 

perpendicular vectors. 

Definition Two vectors ࢛ and ࢜ in Թ௡ are orthogonal to each other, if ࢛ ∙ ࢜ ൌ 0. We usually denote this 

relation by ࢛ ٣ ࢜. We agree that the zero vector in Թ௡ is orthogonal to every vector in Թ௡. A non-empty set 

of vectors in Թ௡ is called an orthogonal set if all pairs of distinct vectors in the set are orthogonal. 

If two vectors ࢛ and ࢜ in Թଶ are orthogonal to each other, then they construct a right triangle so that we 

can define the Pythagorean theorem as 

‖࢛ ൅ ࢜‖ଶ ൌ ‖࢜‖ଶ ൅ ‖࢛‖ଶ, if and only if ࢛ ٣ ࢜. 

 

3.2-5 Orthogonal Projection 

Suppose we want to find the distance between from a point ܤ to a line ℓ in Թଶ. As shown in Figure 3.7, it is 

the length of the perpendicular line segment ܲܤതതതത. The vector, ܲܣሬሬሬሬሬԦ, is called the projection of ܤܣሬሬሬሬሬԦ onto the line ℓ. 

 

Figure 3.7 Orthogonal projection  

Consider two non-zero vectors, ࢛ and ࢜. Let ࢖ be the vector obtained by dropping a perpendicular line from 

the head of ࢜ onto ࢛, as in Figure 3.7(b). Then,  

࢖ ൌ ෝ࢛, where ෝ࢛‖࢖‖ ൌ
࢛

‖࢛‖
 

and 
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‖࢖‖ ൌ ‖࢜‖cosߠ, where ܿߠݏ݋ ൌ 	
࢛∙࢜

‖࢛‖‖࢜‖
 

so that 

࢖ (3.12) ൌ 	
࢛∙࢜

‖࢛‖మ
࢛ ൌ ࢛݆݋ݎ݌ ሺ࢜ሻ 

This is the orthogonal projection of ࢜ onto ࢛, and denoted by ࢛݆݋ݎ݌ ሺ࢜ሻ. 

Theorem 3.6 (Projection theorem) If ࢛ and ࢇ are vectors in Թ௡, and if ࢇ ് ૙, then ࢛ can be expressed in 

exactly one way in the form ࢛ ൌ ࢜ଵ ൅ ࢜ଶ, where ࢝ଵ is a scalar multiple of ࢇ and ࢝ଶ is orthogonal to ࢇ.  

In this theorem, each component can be expressed as 

࢜ଵ ൌ 	
ࢇ∙࢛

మ‖ࢇ‖
ࢇ ൌ  (ࢇ orthogonal projection of ࢛ onto) ሺ࢛ሻࢇ݆݋ݎ݌	

and  

࢜ଶ ൌ ࢛ െ	
ࢇ∙࢛

మ‖ࢇ‖
 (ࢇ component of ࢛ orthogonal to) ࢇ

The projection theorem suggests a way to decompose a vector ࢛ into two components: one is in the same 

direction as ࢛ and the other is normal to ࢛. 

 

Example 3.4 (a) Let ࢛ ൌ ሺ2, 1, െ3ሻ and ࢋଵ ൌ ሺ1, 0, 0ሻ be standard unit vector. Then, the projection of ࢛ onto 

  .ଵ is the vector with only x-component of ࢛: i.eࢋ

݋ݎ݌ భሺ࢛ሻࢋ݆ ൌ ሺ2, 0, 0ሻ 

(b) Let ࢛ ൌ ሺ2, 1, െ3ሻ and ࢇ ൌ ሺ4,െ1, 2ሻ. The vector component of ࢛ along ࢇ is  

ሺ࢛ሻࢇ݆݋ݎ݌ ൌ
2 ∙ 4 ൅ 1 ∙ ሺെ1ሻ ൅ ሺെ3ሻ ∙ 2

4ଶ ൅ ሺെ1ሻଶ ൅ 2ଶ
ሺ4, െ1, 2ሻ ൌ

1
21

ሺ4,െ1, 2ሻ 

while the component of ࢛ orthogonal to ࢇ is  

࢛ െ ሺ࢛ሻࢇ݆݋ݎ݌ ൌ
ଵ

ଶଵ
ሺ38, 22, െ65ሻ. 

 

3.3 Lines and planes in Թ௡ 

Consider the line ܽݔ ൅ ݕܾ ൅ ܿ ൌ 0 in Թଶ. Let ଵܲሺݔଵ, ,ଶݔଵሻ and ଶܲሺݕ  ,ଶሻ be two distinct points on the lineݕ

as depicted in Figure 3.7(a). Then, we have 

ܽሺݔଶ െ ଵሻݔ ൅ ܾሺݕଶ െ ଵሻݕ ൌ ሺܽ, ܾሻ ∙ ሺݔଶ െ ,ଵݔ ଶݕ െ ଵሻݕ ൌ 0. 

Since the vector ଵܲ ଶܲሬሬሬሬሬሬሬሬԦ ൌ ሺݔଶ െ ,ଵݔ ଶݕ െ ࢔ ଵሻ runs along the line, we deduce that the vectorݕ ൌ ሺܽ, ܾሻ is 

orthogonal to the line and is called normal vector to the line. This relation is depicted in Figure 3.7(b) and (c).  

In the ݕݔ-plane (equivalently, Թଶ), the general form of the equation of a line is	ܽݔ ൅ ݕܾ ൅ ܿ ൌ 0. When 

ܿ ൌ 0, the line pass through the origin. We put ࢜ ൌ ሺݔ, ሻݕ ൌ  then the line equation can be written as either ,ࢊݐ

(3.13a) ࢔ ∙ ࢜ ൌ 0 (normal form) 

or 

(3.13b) ࢜ ൌ  (ݐ ,parametric form with parameter) ࢊݐ

where ࢔ is the normal vector orthogonal to ࢜ (i.e. to the line), and ࢊ is a direction vector of the line. For the 

line ℓ: ݔܽ ൅ ݕܾ ൅ ܿ ൌ 0, the normal vector is given by ࢔ ൌ ሺܽ, ܾሻ. Note that the normal vector and the direction 
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vector must be perpendicular. 

If ܿ ് 0, the vector ࢜ may not be easy to define. In this case, we choose one point on the line, say ܲ as in 

Figure 3.8(c), to define the direction vector, ࢜ െ   The line equation becomes either .࢖

(3.14a) ࢔ ∙ ሺ࢜ െ ሻ࢖ ൌ 0 

or 

(3.14b) ࢜ െ ࢖ ൌ  .ࢊݐ

 

 

 

Figure 3.8 Lines in 2-dimensional Euclidean vector space 

 

Example 3.5 (a) Given 2ݔ ൅ ݕ ൌ 0, put ࢜ ൌ ሺݔ,  ሻ be a general point on the line. Then, equation for this line isݕ

given by either 

࢜ ∙ ࢔ ൌ 0, where ࢔ ൌ ሺ2, 1ሻ, or  

࢜ ൌ ࢊ where ,ࢊݐ ൌ ሺ1,െ2ሻ and ݐ is any scalar. 

(b) The line, 2ݔ ൅ ݕ ൌ 5, has the same normal vector ࢔ as well as the direction vector ࢊ. Since this line does 

not pass through the origin, we choose a point on the line, say ܲ: ሺ1, 3ሻ, corresponding to the vector 

࢖ ൌ ሺ1, 3ሻ. Then, the vector ࢜ െ  Therefore, equation for this line .࢔ is parallel to the line and normal to ࢖

is given by either 

ሺ࢜ െ ሻ࢖ ∙ ࢔ ൌ 0 or ࢜ െ ࢖ ൌ  .ࢊݐ

(c) Suppose we want to find the equation of a line in Թଷ passing through the point ܲ ൌ ሺ1, 2, െ1ሻ and 

parallel to the vector ࢊ ൌ ሺ5,െ1, 3ሻ. The parametric representation can be used to represent the line as 

࢜ െ ሺ1, 2, െ1ሻ ൌ ,ሺ5ݐ െ1, 3ሻ. 

(d) Find a line in Թଷ through two points ܲ ൌ ሺെ1, 5, 0ሻ and ܳ ൌ ሺ2, 1, 1ሻ. We can choose the direction 

vector ࢊ as ࢊ ൌ ܲܳሬሬሬሬሬԦ ൌ ሺ3, െ4, 1ሻ. 

 

Example 3.6 Find the distance from the point ܤ: ሺ1, 0, 2ሻ to the line ℓ through the point ܣ: ሺ3, 1, 1ሻ with the 

direction vector ࢊ ൌ ሺെ1, 1, 0ሻ.  

We need to calculate the length of ܲܤሬሬሬሬሬԦ (see Figure 3.9). Let ࢛ ൌ ሬሬሬሬሬԦܲܣ ሬሬሬሬሬԦ, thenܤܣ ൌ ሬሬሬሬሬԦܤܲ and ࢛ࢊ݆݋ݎ݌ ൌ ࢛ െ
 .࢛ࢊ݆݋ݎ݌

(1) ࢛ ൌ ሬሬሬሬሬԦܤܣ ൌ ሺ1, 0, 2ሻ െ ሺ3, 1, 1ሻ ൌ ሺെ2,െ1, 1ሻ 

࢜ࢊ݆݋ݎ݌ (2) ൌ ቀ
࢛∙ࢊ

ࢊ∙ࢊ
ቁ ࢊ ൌ

ଵ

ଶ
ሺെ1, 1, 0ሻ 
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(3) ࢛ െ ࢜ࢊ݆݋ݎ݌ ൌ
ଵ

ଶ
ሺെ3,െ3, 2ሻ 

(4) The length is ‖࢛ െ ‖࢜ࢊ݆݋ݎ݌ ൌ
ଵ

ଶ
ඥሺെ3ሻଶ ൅ ሺെ3ሻଶ ൅ 2ଶ ൌ

ଵ

ଶ
√22 

 

In Թଶ, the distance between a point ܤ: ሺݔ଴, ଴ሻ and the line ℓݕ ∶ ݔܽ	 ൅ ݕܾ ൅ ܿ ൌ 0 is given by  

(3.16) ݀ሺܤ, ℓሻ ൌ
|௔௫బା௕௬బା௖|

ඥ௔మା௕మ
 

 
Figure 3.9 Distance from a point to a line 

 

In xyz-plane (equivalently, in Թଷ), the general form of the equation of a plane is ܲ ∶ ݔܽ	 ൅ ݕܾ ൅ ݖܿ ൅ ݀ ൌ 0. 

We might reasonably guess that, if ܽݔ ൅ ݕܾ ൅ ܿ ൌ 0 is the general form of the equation of a line in Թଶ, then 

ݔܽ ൅ ݕܾ ൅ ݖܿ ൅ ݀ ൌ 0 might also represent a line in Թଷ.  

If ݀ ൌ 0, then the plane equation in normal form can be written by ࢔ ∙ ࢜ ൌ 0, where ࢔ is the normal vector 

and is given by ࢔ ൌ ሺܽ, ܾ, ܿሻ. However, the set of all vectors ࢜ that satisfies this equation is the set of all vectors 

orthogonal to ࢔. As shown in Figure 3.10(a), vectors in infinitely many directions have this property, 

determining a family of parallel planes. For example, consider ܽݔ ൌ 0. The normal vector to this equation is 

࢔ ൌ ሺܽ, 0, 0ሻ, so that all vectors in ݖݕ-plane is orthogonal to ࢔. Therefore, ܽݔ ൅ ݕܾ ൅ ݖܿ ൅ ݀ ൌ 0 represents a 

plane, not a line in Թଷ. 

 

 

Figure 3.10 Place in Թଷ 

 

Similarly to the line equation, the plane equation can be described as either 

࢔ (3.17) ∙ ሺ࢜ െ ሻ࢖ ൌ 0 

or 

(3.18) ࢜ ൌ ࢖ ൅ ࢇݏ ൅  ࢈ݐ

where ࢖ is vector of a point ܲ on the plane and ࢇ and ࢈ are direction vectors for the plane. 
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Example 3.7 Find the vector form of the plane in Թଷ through the point ܲ: ሺ6, 0, 1ሻ with normal vector 

࢔ ൌ ሺ1, 2, 3ሻ. 

Choose ࢖ ൌ ሺ6, 0, 1ሻ and ࢜ ൌ ሺݔ, ,ݕ  ሻ. Then, the equation for the plane is given byݖ

ሺ1, 2, 3ሻ ∙ ሺݔ െ 6, ,ݕ ݖ െ 1ሻ ൌ ݔ െ 6 ൅ ݕ2 ൅ 3ሺݖ െ 1ሻ ൌ ݔ ൅ ݕ2 ൅ ݖ3 െ 9 ൌ 0 

In order to find the parametric equation, we need two direction vectors of the plane. Choose any two points 

on the plane: say ܳ: ሺ9, 0, 0ሻ and ܴ: ሺ3, 3, 0ሻ. Let two direction vectors be 

ࢇ ൌ ܲܳሬሬሬሬሬԦ ൌ ሺ3, 0, െ1ሻ and ࢈ ൌ ܴܲሬሬሬሬሬԦ ൌ ሺെ3, 3, െ1ሻ 

then the parametric equation is given by 

ሺݔ, ,ݕ ሻݖ ൌ ሺ6, 0, 1ሻ ൅ ,ሺ3ݏ 0, െ1ሻ ൅ ,ሺെ3ݐ 3, െ1ሻ 

or 

ݔ ൌ 6 ൅ ݏ3 െ  ݐ3

ݕ ൌ  ݐ3

ݖ ൌ 1 െ ݏ െ  ݐ

 

 

 


