Linear Algebra - 3

Chapter 3. Euclidean vector space

Vectors in 2-dimensional and 3-dimensional spaces (i.e., xy-plane and xyz-space, respectively) could be
understood either as vectors in geometry or as vectors in a coordinate system. Since we are familiar to the 2-D
and 3-D spaces through the geometry, vectors in 2-D and 3-D spaces could have geometrical meaning and thus
make the understanding of vectors much easier.

3.1 Vectors in 2-D and 3-D spaces

3.1-1 Geometrical representation of vectors

A vector is an entity which has both magnitude and direction. In a geometrical approach, it is represented by a
directed line segment or arrow that corresponds to a displacement from one point A (initial point) to another point
B (terminal point). We denote it by v = AB. In this geometric representation, we can define algebraic operations
on vectors as following:

(1) equal vectors: vectors with the same length and same direction are equal even though they may be located in
some different position (see Figure 3.1).

Cc

Figure 3.1 Two equal vectors: AB and CD

(2) vector addition: If v and w are two vectors, the sum v + w is the vector determined as follows: Position
the vector w so that its initial point coincides with the terminal point of v. The vector v + w is represented
by the arrow from the initial point of v to the terminal point of w, as shown in Figure 3.2. It is evident that
v+ w =w+ v and the sum coincides with the diagonal of the parallelogram determined by v and w when
these vectors are positioned so that they have the same initial point (parallelogram law).

w

Figure 3.2 Vector addition: v+w=w+v

(3) negative vector: If v is any non-zero vector, then —w, the negative of v, is the vector that has the same
length as v but is heading opposite direction. Then,

v+(-v)=0
where 0 is the zero vector.

(4) If v and w are two vectors, the difference v — w is defined by
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v—w=v+(—w)

Figure 3.3 illustrates two equivalent representation of the difference of two vectors.

A

v

Figure 3.3 Two equivalent representation of vector difference: v —w

(4) scalar multiple: If v is anon-zero vector and k is non-zero real number (scalar), then the product kv
(usually called scalar multiple) is a vector whose length is |k| times the length of v and whose direction is
the same as that of v if k > 0 and opposite if k < 0. When k =0, kv = 0.

3.1-2 Vectors in coordinate system

A geometrical representation often causes ambiguity since it does not precisely provide information about its
characteristic. In particular, there is no restriction on their initial points, which make arithmetic with vectors
difficult. This problem can often be simplified by using a coordinate system. In this approach, we restrict the
initial point of a vector be at the origin and represent the vector using the coordinates of the terminal point of the
vector, so that we can denote a vector with an ordered pair of real numbers; e.g. the vector in Figure 3.4 can be
represented as

a=ﬁ=(2,1) or az[ﬂ

Figure 3.4 A vector in a (rectangular) coordinate system

This vector is assumed to be a 2-dimensional vector. In general, we define R™ (so called n-dimensional
Euclidean vector space: here R represents a set of real numbers) as the set of all ordered n-tuples of real
numbers, written as
b,
b,
b = (bl,bz,...,bn) = .
by,
In this representation, we can define algebraic operations on vectors in terms of vector components.

(1) equal vectors: two vectors, v = (v4,v,) and w = (w;,w,) are equal, if their corresponding components
are the same: i.e.

(3.1) UV =Wy and Uy, = Wy
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(2) vector addition: If v = (v;,v,) and w = (w;, w,), then

(3.2 v+w= v, +w,v, +w,)

(3) scalar multiple: If v = (v4,v,) isanon-zero vector and k is non-zero real number (scalar), then
(3.3) kv = (kvy, kv,)

(4) vector difference:

(3.4) v—w=v+(-Dw=(v; —wy, v, — W)

As we can see, operations on vectors are defined as component-wise operations. In vector arithmetic, the
vector addition and the scalar multiplication are two main operations. Their combined operations is called the
linear combination of vectors; i.e.

(3.5) V=0 Uy + o U

where the scalars, ¢, c,, ..., ¢k, are called the coefficients of the linear combination. Also, these two operations
obey the general arithmetic rule (in component-wise) defined on the set of real numbers.

Theorem 3.1 (Algebraic properties of vectors inR™) Let u, v, and w be vectors in R™. Then, for scalars ¢ and
d!

. u+v=v+u (commutative rule)
. (u+v)+w=u+ (v+w) (associative rule)
. u+ 0 = u (additive identity)

. u+ (—u) = 0 (additive inverse)

. (c + d)u = cu + du (distributive rule)
. c(du) = (cd)u

1
2
3
4
5. c(u+v) = cu+ cv (distributive rule)
6
7
8. 1-u = u (multiplicative identity)

3.2 Norm, dot product, and distance in R"

The term, Euclidean vector space R™, refers to an n-dimensional vector space where we can relate some
geometrical concepts to vectors. Recall that a vector is an entity with length and direction. We want to express
these geometrical concepts in terms of mathematical notations.

3.2-1 Dot product

At first, we start from the length of a vector.
Definition The dot product u - v of two vectors u and v in R" is defined by
(3.6) UV =UVy +Uyv, + Uy,

where u = (uqg, Uy, ..., U,) and v = (vy, vy, ..., V).

If we denote each vector as column vector as

Uy (21
U, U2
u=|.land v=]|.
un UTL
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then we the dot product become
u-v=u'v

Later, in a general vector space, we will denote it as the inner product. Therefore, the dot product is an inner
product defined on R™. The dot product function has the following arithmetic properties.
Example 3.1 When u = (1,2,-3) and v=(-3,5,2), u'v=1-(-3)+2-54+(-3)-2=1
Theorem 3.2 Let u, v, and w be vectors in R™ and ¢ be a scalar. Then;

1. u-v =v-u (commutative rule)

2. u-(v+w)=u-v+u-w (distributive rule)

3. (cw)-v=clu-v)

4. u-u=>0,and u-u=0,ifandonly if u=0.
3.2-2 Length

In 2-dimensional Euclidean vector space R?, the length of a vector v = (v,,v,) is the distance from the
origin to the terminal point, which is

Jvi+vi=\vv

The term, norm, is a mathematical generalization of the geometrical quantity, length, so that we can extend this
concept beyond R3.
Definition The norm of a vector, v = (v, v,, ..., 1) Iin R, is the non-negative scalar ||v|| defined by
(3.7 vl =Vv-v=v?+vZ+-+ v2
Theorem 3.3 Let v beavectorin R™ and ¢ be ascalar. Then,

1. |lv|| = 0, ifand only if v =0.

2. |[evll = [clllvll

(1) A vector of length-1 is called a unit vector.
(2) Given any non-zero vector v, we can always find a unit vector in the same direction as v by

dividing v by its own length. This is referred as normalizing a vector.

except 1 in its i™ component.

(3) In R™, the standard unit vector is a set of vectors, {e;, e, ..., e,}, where e; is an all-zero vector

Theorem 3.4 (Cauchy-Schwarz inequality) Let u and v be vectors in R™. Then
38)  |u-v| < |ullllvll
(Proof) Consider, for a scalar t, ||[tu + v||? = 0, forall t.

Since |ltu +v||? = (tu +v) - (tu + v) = t?||ul|? + 2tu- v + ||v||? is a quadratic function of ¢t and i
non-negative for all ¢, we must have
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lu-v|* < [[ull?|lv]]* =
When u = (uy,u,) and v = (v, v,), (3.8) implies
luyvy + upv,|? < (uf + ud)(Wf + v3)

Note that the equality holds when u = kv.

Theorem 3.5 (Triangle inequality) Let u and v be vectors in R™. Then
B9 lu+vl < lull+ vl
(Proof) Since [lu+v|?=u+v)-u+v)=u-u+u-v+v-u+v-v=|ul?+2u-v+|v|?
by the Cauchy-Schwarz inequality, we have
llu+vl1? < llull? + 2[w- vl + 1917 < [lull? + 2[lulliivll + llvII? = (lull + llv])?

In geometry, we can construct the vector u + v by connecting the initial point of the vector u with the terminal
point of the vector v while we place the initial point of v at the terminal point of u as depicted in Figure 3.5.
Then, norm of each vectors are the length of them.

uty

u

Figure 3.5 Geometrical illustration of triangular inequality

3.2-3 Distance

In 2-dimensional Euclidean vector space R2, the distance between two vectors u = (u;,u,) and v =
(vq,v,), denoted by d(u, v), is the distance from terminal points of each vectors: i.e.

du,v) = \/(ul —v1)?% + (up, — v,)?

As we can see in Figure 3.3(b), it is the length of the difference vector, u — v. Thus, we can express the distance
in terms of norm.

Definition The distance (or metric), d(u,v), between two vectors u and v in R" is defined by

(3.10) d(u,v) = |lu—v|

Example 3.2 When u = (1,2,-3) and v = (3,5, 2), the distance between two vectors is

d(u,v) = 11— (=3),2-5,(=3) — 2| = /42 + (=3)2 + (=5)2 = 5V2

3.2-4 Angle

Consider two vectors u = (u;,u,) and v = (vy,v,) in a 2-dimensional Euclidean vector space R?, as seen
in Figure 3.6. By applying the law of cosines to a triangle constructed by three vectors, u, v, and u — v, we
have

c?>= (b—a-cosf)? + (a-sind)? = b? + a® — 2ba - cosf
or

lu—vl|? = lvlI* + llull® - 2|lv|l|lullcos6
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Figure 3.6 Geometrical illustration of angle between two vectors u and v:
a=lull, b=lvl, c=Ilu-wvl

so that the angle between two vectors u and v are given by
uv

@11)  cost = i

Example 3.3 When u = (2,1,-2) and v = (1,1, 1), the angle between two vectors is

uw 2-14114(—2)1 1
cosf = = =—=
llalllvll 22412 +(=2)2{/12+12+12  3V3

In geometry, we say two vectors are perpendicular or in right angle, if the angle between two vectors are is
90°. If 8 =90° or 270° cosf =0 andso u-v = 0. In linear algebra, we make use of this relation to define
perpendicular vectors.

Definition Two vectors u and v in R™ are orthogonal to each other, if u-v = 0. We usually denote this
relation by u 1 v. We agree that the zero vector in R™ is orthogonal to every vector in R™. A non-empty set
of vectors in R™ is called an orthogonal set if all pairs of distinct vectors in the set are orthogonal.

If two vectors u and v in R? are orthogonal to each other, then they construct a right triangle so that we
can define the Pythagorean theorem as

llu + vl|? = [lv||? + |lull?, if and only if u L v.

3.2-5 Orthogonal Projection

Suppose we want to find the distance between from a point B to aline £ in RZ. As shown in Figure 3.7, it is
the length of the perpendicular line segment PB. The vector, AP, is called the projection of AB onto the line ¢.

e

—
(a)

Figure 3.7 Orthogonal projection
Consider two non-zero vectors, u and v. Let p be the vector obtained by dropping a perpendicular line from
the head of v onto wu, as in Figure 3.7(b). Then,

p = llpll@, where @ = ﬁ

and
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uv

= ||v||cosO, where cosf =
llpll = llvll Tallil

so that

312) p= —Zu=proj,(v)

e
This is the orthogonal projection of v onto u, and denoted by proj, (v).

Theorem 3.6 (Projection theorem) If u and a are vectors in R™, and if a # 0, then u can be expressed in
exactly one way in the form u = v, + v,, where w, isascalar multiple of a and w, is orthogonal to a.

In this theorem, each component can be expressed as

v, = ﬁa = proj,(u) (orthogonal projection of u onto a)

and

wa

~ jaz® (component of u orthogonal to a)

V,=uU

The projection theorem suggests a way to decompose a vector u into two components: one is in the same
direction as u and the other is normal to u.

Example 3.4 (a) Let u = (2,1,—3) and e; = (1,0,0) be standard unit vector. Then, the projection of u onto
e, is the vector with only x-component of u: i.e.

proje,(w) = (2,0,0)
(b) Let u=(2,1,-3) and a = (4,—1,2). The vector component of u along a is

2:441-(=1)+(=3)-2
42 4 (—1)% + 22

1
proja(u) = (4' _1: 2) = ﬁ (4’; _1; 2)

while the component of u orthogonal to a is

u —proj,(u) = % (38,22,—65).

3.3 Lines and planes in R®

Consider the line ax + by + ¢ =0 in R% Let P,(x;,y;) and P,(x,,y,) be two distinct points on the line,
as depicted in Figure 3.7(a). Then, we have

a(x; —x1) +b(y, —y;) = (a,b) - (x; —x1,y, —y;) = 0.

Since the vector P;P, = (x, — x4, ¥, — y,) runs along the line, we deduce that the vector n = (a, b) is
orthogonal to the line and is called normal vector to the line. This relation is depicted in Figure 3.7(b) and (c).

In the xy-plane (equivalently, R?), the general form of the equation of a line is ax + by + ¢ = 0. When
¢ = 0, the line pass through the origin. We put v = (x, y) = td, then the line equation can be written as either

(3.13a) mn-v =0 (normal form)
or
(3.13b) v =td (parametric form with parameter, t)

where n is the normal vector orthogonal to v (i.e. to the line), and d is a direction vector of the line. For the
line £:ax + by + ¢ = 0, the normal vector is given by n = (a, b). Note that the normal vector and the direction
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vector must be perpendicular.

If ¢ # 0, the vector v may not be easy to define. In this case, we choose one point on the line, say P asin
Figure 3.8(c), to define the direction vector, v — p. The line equation becomes either

(314a) n-(v—p)=0
or

(3.14b) v—p=1td.

g ’ ’ (a, b)
n=1(ab r=1a
PI(X|, y|) ( ) P
x P
P(xa, y2) 0 V= (X))
v=(x)
0 v 0 o
ax+tby+c=0 ax+by=0 ax+by+c=0
(a) (b) (c)

Figure 3.8 Lines in 2-dimensional Euclidean vector space

Example 3.5 (a) Given 2x +y = 0, put v = (x,y) be a general point on the line. Then, equation for this line is
given by either

v-n=0,where n=(2,1), or
v =td,where d = (1,—2) and t isany scalar.

(b) The line, 2x + y =5, has the same normal vector n as well as the direction vector d. Since this line does
not pass through the origin, we choose a point on the line, say P: (1, 3), corresponding to the vector
p = (1,3). Then, the vector v — p is parallel to the line and normal to n. Therefore, equation for this line
is given by either

(w—p)'n=0or v—p=td.

(c) Suppose we want to find the equation of a line in R® passing through the point P = (1,2,—1) and
parallel to the vector d = (5,—1, 3). The parametric representation can be used to represent the line as

v—(1,2-1) = t(5,—-1,3).

(d) Find a linein R3 through two points P = (—1,5,0) and Q = (2,1,1). We can choose the direction
vector d as d = PQ = (3,—4,1).

Example 3.6 Find the distance from the point B:(1,0,2) to the line £ through the point A: (3,1,1) with the
direction vector d = (—1,1,0).

We need to calculate the length of PB (see Figure 3.9). Let u = AB, then AP = projyu and PB = u —
projqu.

(1) u=4B=(1,0,2)-(3,1,1) = (-2,—-1,1)
(2) projqv = (%) d= %(—1, 1,0)
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(3) u—projyw ==(-3,-3,2)

2

(4) The length is [lu — projevll = 21/(=3)2 + (=3)? + 2% = -V22

In R?, the distance between a point B: (x,,v,) and the line ¢: ax + by + ¢ = 0 is given by

_laxg+byo+c|
(316)  d(B,&) ="22S

u-proju(u)
A £

projdu) P d
Figure 3.9 Distance from a point to a line

In xyz-plane (equivalently, in R3), the general form of the equation of a planeis P : ax + by + cz+d = 0.
We might reasonably guess that, if ax + by + ¢ = 0 is the general form of the equation of a line in R?, then
ax + by + cz + d = 0 might also represent a line in R3.

If d = 0, then the plane equation in normal form can be written by n - v = 0, where n is the normal vector
and is given by n = (a, b, ¢). However, the set of all vectors v that satisfies this equation is the set of all vectors
orthogonal to m. As shown in Figure 3.10(a), vectors in infinitely many directions have this property,
determining a family of parallel planes. For example, consider ax = 0. The normal vector to this equation is
n = (a,0,0), so that all vectors in yz-plane is orthogonal to n. Therefore, ax + by + cz+d = 0 represents a
plane, not a line in R3.

th

ax+by+cz+d=0

(a) (b)

Figure 3.10 Place in R3

Similarly to the line equation, the plane equation can be described as either
317) n-(wv—p)=0
or
(318) wv=p+sa+th

where p is vector of a point P onthe planeand a and b are direction vectors for the plane.
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Example 3.7 Find the vector form of the plane in R*® through the point P: (6,0, 1) with normal vector
n=(12,3).
Choose p = (6,0,1) and v = (x,y, z). Then, the equation for the plane is given by
(1,2,3) (x—6,y,z—1)=x—-6+2y+3(z—-1)=x+2y+3z—-9=0

In order to find the parametric equation, we need two direction vectors of the plane. Choose any two points
on the plane: say Q:(9,0,0) and R:(3,3,0). Let two direction vectors be

a=P0 =(3,0—1) and b = PR = (=3,3,—1)
then the parametric equation is given by

(x,y,z) =(6,0,1) +s(3,0,—1) + t(—3,3,-1)
or

x=6+3s—3t

y =3t

z=1—s—t
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