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Ch.7 The Steady Magnetic Field

7.1 Biot-Savart Law

1.2 Ampere’s Circuital Law
7.3 Curl

7.4 Stokes’ Theorem
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7.1 BIOT-SAVART LAW

o The Source of the Steady Magnetic Field
1. APermanent Magnet
2. An Electric field Changing Linearly with Time
3. A Differential DC Element

Free space Biot-Savart Law

_IdL xap IdLXR
~ AwR?2 4AnR3

[A/m]

Rl?. P - dH is proportional to current and dL

(Point 1)
dLV/(p:im 2) - Inversely proportional to R?
- Direction is (dL; X agq1;)

AR12 .. ,
- Similar to Coulomb’s Law

I[,dL; X a dQy X agqy
IV dH2= 1 1 R12 Cf) dEz — P -
012

47 R 5>
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7.1 BIOT-SAVART LAW

o The total field arising from the closed circuit path,

B é IdL X ap
B ATTR2

o Two- and three-dimensional currents
I = Kb (K:Surface current density)
= IdL = KdS = Jdv

A
S
\J

K X aR dS . .
~H= J 5 : Two—dimension
S 4TR

2

J X apdv . :
~H= f — s Three—dimension
vol 4R
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7.1 BIOT-SAVART LAW

o Example : Biot-Savart Law in free space

R=r—-r"=pa,—7a,
!/
a, —z'a,

Unit field intensity will be,
_IldLxap ldz'a, X (pa, — z'a,)

aR=

Free space

47'[R2 _ 471.(’02 _I_ZIZ)B/Z
pa, dH Integrate it over the entire wire,
TI H—foo IdZ’aZX(pap_Z’az)
= - 47_[(p2 + Z12)3/2

H I (® pdz'ag
" 4w ) (p? +z'?)3/2
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7.1 BIOT-SAVART LAW

o Example : Biot-Savart Law in free space (cont.)

LA DALY
T)_ (,02+Z'2)3/2

co
!

Ipa¢ Z

@ 41 p? /,OZ-I-Z'Z_
1

an 2mp 9

- Magnetic field streamlines are
concentric circles, whose magnitudes
decrease as the inverse distance from

the z axis
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7.1 BIOT-SAVART LAW

o Example : Magnetic Field from a finite current segment

2 |dL X ag
AL
4. AmR

jptanaz Idz'a, x (pa, — z'a,)
Zz—ﬁ =
ptana; 47‘[(,02 + Z,2)3/2

I

Zy ~ ~ H= sina, — sina4)a
1 47Tp( 2 LY

Point 2
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7.1 BIOT-SAVART LAW

o Example : Magnetic Field from a current loop

fIdeaR
H=| ——
41TR?

R R= ’az-l-Zg
{

Znd, — dd
ap = 0z p
\ 4 _ \ /a2+z§
I ¢ T y
2T [adpay X (zga, — aa
IdL = Tadg ay " sz dj}d) 2( 0223/2 2
0 n(a® + zgy)
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7.1 BIOT-SAVART LAW

o Example : Magnetic Field from a current loop (cont.)

H fZ” ladgpay, X (zpa, — aa,)
A 4m(a® + z§)3/?

a, fz’f lad¢ (zpa, + aay)
o Am(a® +z§)3/?

Include the angle dependence in the
radial unit vector,

a - a, = cos¢a, + singa,
g ¢ y
2
[dL = Tadday __ {@a)a,
2m(a? + z5)3/?
X

# Magnetic moment
m = [(ra?)a,
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7.2 AMPERE’S CIRCUITAL LAW

0 Ampere’s Circuital Law

“The line integral of H about any closed path is exactly equal
to the direct current enclosed by that path”

%H-dL=I

closed paths a and b gives the total
current I, while the integral over path
c gives only that portion of the
current that lies within ¢

6 - -
/

|
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7.2 AMPERE’S CIRCUITAL LAW

0 Ampere’s Law Applied to a Long Wire

ANZ
4 1. The Current Flows in the direction of a,
b 2. Symmetry suggests that H will be circular,
constant-valued at constant radius
- - I C T~ ~ 2n 2n
/z’ \\\ %HdL=f Hd)pd('b:Hﬁbpf de
/ p \ 0 0
| I ‘
\
\‘\‘ / = Hy2np =1
Te~-l | L--"TdL
Hy = . H !
| = 2mp O T T 2mp ¢
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7.2 AMPERE’S CIRCUITAL LAW

o Coaxial Transmission Line

4 cases can be considered (p : radius) :

1. p<a
2. a<p<b
3. b<p<c
4. p>c
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7.2 AMPERE’S CIRCUITAL LAW

o Coaxial Transmission Line (cont.)

p<a a<p<b

)

$H-dL = Hy2mp = Loy | $H dL = Hy2mp = Ly | $H dL = Hy2mp =Ly | $H-dL = Hy2mp = I

I _Ipz Ienct =1 I —_] pz_bz Iena =1—-1=0
encl = 1 "2 I enct =1 1\ 2 2 _ I
) ZHy=s— --H¢—%
2mpHy = 155 2 ! (CZ—p2>
. Ip ¢ " 2mp\ 2 — 12
“Hy = 2ma?
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7.2 AMPERE’S CIRCUITAL LAW

o Coaxial Transmission Line (cont.)

&
271a
3a
1
m 4a
0
0 2a 3a=b 4da=c

1. Magnetic field is continuous on interface of conductor
2. ldeally, external magnetic field is zero : shielding

3. External adjacent circuit does not affected by even large current flows in
coaxial cable.
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7.2 AMPERE’S CIRCUITAL LAW

o Infinite Plane Current

HxB
== >
3. 13
z \ i i Hxl
3f\ 1 > 1 >
1 \\}3' .‘\
A i 0+ @ ® ® ® ® ® K = K_‘-ay
| KKy, ——— Y
2 - 2,,
\ , S =
LN? =L =] H,

(K: surface current density, K, a,)
1. Ampere’s circuital law

- Paths 1-1°-2°-2-1 :  Hyy L+ Hyp(—L) = K,L or  Hy —H,, =K,
- Paths 3-3°-2°-2-3 ©  H,3L + Hyp(—L) = K,L or H,3—Hy, =K

y
2. According to 1-(1) and 2-(1),

- Hy, = Hy3 = Constant field in each region (above and below the current plane)

1
Hy = 5K, (z > 0)
3. By symmetry,

1
Hx=—E y (Z<O)
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7.2 AMPERE’S CIRCUITAL LAW

o Infinite Plane Current (cont.)
The actual field configuration is shown below,

A H =1K, (z> 0)’ ]
TaN H = E K X ay
0L ® _® ® ® ®|® K=K,a,
W ( ay: the unit vector that 1s )
= 1 normal to the current sheet
Hx = _EKy (Z < O)
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7.2 AMPERE’S CIRCUITAL LAW

o Infinite Plane Current ( Second sheet added )

d d - HX2(Z>d/2)
1l z>,z2<—7 - H,, (z>d/2)

H,, and H,., cancel out to,

pL- L0 © 0O © o K;=-K,a,

H=0
Yay ~H,(-d/2<z<d/2)
>H,(-d/2<z<d2)

oy

AT TR R ® ® T K,=-K,a,

2. _§<Z<E
2 2

H,, and H,, add to give,
H=KXx ay

~ Hy,(z<-0/2)
- Hy,(z <-di2)
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7.2 AMPERE’S CIRCUITAL LAW

o Solenoid

1. Interpretation using Biot-Savart Law

_ a
i ¢ T y

IdL = Tad$a,

d

Electric Machines LAB (www.emlab.kr)

Assumed to have many tightly-wound turns
1) Magnetic field for single loop
_ I(ma®)a,
21m(a? + z5)3/2
2) Solenoid Magnetic field
dl = %Idz therefore, (1) became,

_ (N/d)ldz(wa?)a,
~ 2m(a? + z2)3/2

/2 (N/d)Idz(ra?)a
H=JdH=j (/)2 (23322
d/2 2n(a“ + z#4)

_ Nla, - NI
2\/a2+(d/2)2 H:gaz(d > a)
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7.2 AMPERE’S CIRCUITAL LAW

o Solenoid (cont.)
2. Interpretation using surface current
1) On-axis field
K = Kaa¢

NI
= 761(’5 A/m

\\ .. Therefore,
\ ey a(p Kaaz

Hlp=2=0)= 2 /a2 + (d/2)?

P = K,a,(d »a) Am

The on-axis field magnitude near the center of a cylindrical current sheet,
where current circulates around the z axis, and whose length is much greater
than its radius, is just the surface current density.
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7.2 AMPERE’S CIRCUITAL LAW

o Solenoid (cont.)
2. Interpretation using surface current

2) Off-axis field
D < C

1 A
O |l o 6 0 @ @ =—~¢urnt flows out here

\f-(——AZ —

® ® ® ® ® ®  ®  ® ~— current flows back here

B C /// D //' A /// N I
7€H ~dL = f H,dz +j Hy,dp + j H, oirdz +j Hgdp = logne = 7AZ
B,/' C //,' D //

..............
N/

_________________________

Radial Path

%Az(on-axis field)
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7.2 AMPERE’S CIRCUITAL LAW

o Solenoid (cont.)
2. Interpretation using surface current
2) Off-axis field

® ® ® ® ® ® o current flows out here

® ® ® ® ©® ® ® ®~— rent flows back here

The situation does not change if the lower z-directed path is raised above the z
axis. The vertical paths still cancel, and the outside field is still zero. The field
along the path A to B is therefore NI/d as before.

The magnetic field within a long solenoid is approximately constant
throughout the coil cross-section, and is H, = NI/d.
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7.2 AMPERE’S CIRCUITAL LAW

o Toroid

1. Inside of toroid (py —a < p < py + a)

3€H +dL = 2mpHy = lgne = NI
C

. _ NI
¢_27Tp

2. Outside of toroid (p < pg—a, p > py + a)

Zero magnetic field (-~ no enclosed current)
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7.2 AMPERE’S CIRCUITAL LAW

# Cf. Magnetic Field in Toroid using Surface Current Density

1. Inside of toroid (pg —a < p < py + a)

'an dL = 2npHy = lone = 21(py — a)K,
C

Po—a
. H¢= P Ka

2. Outside of toroid (p < pg—a, p > py + a)

Zero magnetic field (~- no enclosed current)
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7.3 CURL

o In differential closed loop in xy-plane,
Along path 1-2,

(H-AL)j2=Hy1 Ay i
4 . 3
10H,, \ b
Hy1,Ay=\|Hy +§a—Ax Ay Ar )
H-AL Hy +16H A : Ay ’
. ‘A = ——A
( )1-2 > Ox x y .

In the same method,

10H
(H AL)Z 3——<Hx0+_ xAy)Ax
2 0y - For Closed loop (sum of all path)
10H
(-6 Ds-s (y‘) 2 0x g ng-sz( L——axay
. s 10H, d0x ady
L( A L)y 1= "O_zay Ay |AX
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7.3 CURL

From Ampere’s Law,

H-sz(aHy—aHx)AxA =J,Ax A

$H-dL 0H, 0H,
AxAy 0x dy

IR

Jz

_ gﬁH-dL J0H, 0H,
lim = —

= =J, :zcomponent of current densit
Ax,Ay—20 A X Ay d0x dy “ P Y

In the same method, closed loop in yz-plane and zx-plane,

. $H-dL 9H, OH,
lim = —
AY,AZ-0 Ay Az 0y 0z

— 71 SﬁH'dL_aHx 0H,
T a0 Az AX | 0z Ox Y
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7.3 CURL

o Curl
1. Notation

curlH=V xXH

2. Calculation

1 L $H-dL
(curl H)y= ASNS0 A Sy

0H, O0H 0H, O0H 0H, O0H
curl H = Y _ xax+ = — Zay+ L _ xaz

dx dy 0z d0x d0x dy
ay, a, a,
d d 0
| ox OJy o0z
H, H, H,

From the previous calculation,
VxH=J : Point form of Ampere’s Law
- - SUNG KYUN KWAN
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7.3 CURL

o Curl in other coordinate systems
1. Cylindrical

10H, OH 0H, O0H 10(pH 10H
VXH=|-=2- ¢ap+ P Za¢+—(p ¢) _ 190, a,
p 09 0z 0z ap p 0dp p 0

2. Spherical

1 (0d(HgsinB) 0Hg 1/ 1 0H, O0(rHy)
VxH= rsinH( a0 a 900 ar+ r \sind do o a9
N 1/(0(rHy) OH,
T ar a0 ¢
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7.3 CURL

o Visualization of curl
- Place a small “paddle wheel” in a flowing stream
- If the wheel rotate, vector has curl component

- H
¥
Velocity

—_— * Current
— into page

 J

Y

(@) (b)

- The wheel will rotate clockwise
—> A curl component will point into the screen

- Positioning the wheel at all three orthogonal orientations will yield
measurements of all three components of the curl.
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7.3 CURL

o As in static magnetic field,
f H-dL=1 C——) VxH=J
o Static electric field can be notated as,

7€E-dL=o G—) 7 X E =0

-~ A field is conservative if it has zero curl at all points over which the field is defined
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7.4 STOKES’ THEOREM

o When A S - 0,

$H - dLys
AS

SﬁH'dLAS
AS

= (VX H)y

E(VXH)aN

fHdLASE(VXH)aNAS
=(VxH)-AS

Apply Cancellation then,

No
Cancellation

Cancellation

?QH-dLEJ(VxH)-dS
S
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7.4 STOKES’ THEOREM

0 Ampere’s circuital law : Point and integral form

VxH=J : Point Form

j(VxH)-ds=jJ-ds=j£H-dL
S S

f H-dL=1 : Integral form
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7.4 STOKES’ THEOREM

o In any vector space,
V-V xA=T (A:vector space)

(l7-l7><A)-dS=j T dv

vol vol

% (VxA)-dS = J T-dv (v divergence theorem)
S vol

J T-dv =0 (- Integral of stokes'theorem over closed path is zero)
vol

~T=0 > V-VXA=0

Therefore,

V-VxH=|V-J=0 (Current Continuity Equation)
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