Chapter 4. Symmetry and Group Theory
|

= Symmetry is every where, in nature and in engineering achievements.
e.g.) flowers, plants, snowflakes, insects,,,

pyramid, Eiffel tower,,,

= symmetry concept in chemistry: symmetry of molecule
- predict infrared spectra
- predict orbital activity
- describe the type of orbitals in bonding
- interpret electronic spectra

- other molecular properties

= in Chapter 4: 1) five symmetry operations

2) molecular classification based on the symmetry
3) how to use to predict optical activity
)

4) to determine IR- & Raman-active molecular vibrations

© 2014 Pearson Education, Inc.

Inorganic Chemistry1



Chapter 4. Symmetry and Group Theory

d N ( N é )

Point group & Group theory:
Symmetry Elements vs.

_ - 6 steps to determine point .
Symmetry Operations: 4 properties of group
groups (Table 4.6)

- Name, symbols, roles etc,,,

- C vs. D groups
G S . _J \\ J

\ 4

4 N\ 4 N\ 4 N
Reducible vs. irreducible

Molecular vibrations Matrix & Character:

representation

- Reduction formula - Multiplicity

- IR active vs. Raman active - Symmetry operations
Character table
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4.1 Symmetry Elements and Operations

= symmetry element: geometrical entity (a line, a plane, or a point) with respect to which

one or more symmetry operations can be carried out

= symmetry operation: a movement applied to a molecule

— no overall change in the overall positions of the atoms (except for the

labels we put on atoms)
= A molecule must have exactly the same appearance after the operation as before, if there is a

symmetry elements!!

- indistinguishable before & after the operation
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4.1 Symmetry Elements and Operations
|

© 2014 Pearson Education, Inc.

Table of Symmetry Elements and Symmetry Operations

Elements Symbols Operations
1. ldentity E Identity operation
2. Proper Axis C, Rotation operation by 360°/n
3. Reflection Plane (o} Reflection operation (in the plane)
4. Inversion Center i Inversion (of the point x, y, x to -x, -y, -z)

Improper rotation (= rotation-reflection operation)
1. Rotation by 360 °/n
2. Reflection in plane perpendicular
to rotation axis

5. Improper Axis S,
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4.1 Symmetry Elements and Operations

= E: identity (identity operation)
- no change in the molecule
- needed for mathematical completeness
- every molecule has this operation!!
Fig.4.2
= C,: proper axis (rotation operation)
- rotation through 360°/n about a rotation axis (counterclockwise: +)
- CHCL;: threefold (C;) axis
- rotation axis — parallel to C-H axis
- C5: rotation angle: 360°/3 = 120°
- C%;: two consecutive rotation — 360° x (2/3) = 240°

- (33 = E (*Eis included in all molecules!!)
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4.1 Symmetry Elements and Operations

= C,: proper axis (rotation operation)
- multiple rotation axes
e.g.) snowflake (Fig.4.2): hexagonal, planar

1) C4: along the axis through the center of molecule

Fig.4.2
2) two sets of three C,: C,’(x3), C,”(x3)

3) principal axis (= highest order of rotation axis): C, axis w/ the largest n value
¢, for snowflake — Ce

¢, principal axis — z axis in Cartesian coordinate
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4.1 Symmetry Elements and Operations

= 0 : reflection plane (reflection operation in the mirror plane)

- move a point to a opposite and equidistance point through a plane

Fig.4.3

e.g.) human body: one mirror plane switching left to right

round pencil: infinite # mirror planes at the center of the object (e.g. acetylene, CO,)
- {if perpendicular to the principal axis, — o0}, (horizontal)

if contain the principal axis, — o, (vertical), o, (dihedral)
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4.1 Symmetry Elements and Operations

= j : inversion center (inversion of the point)
- move a point to a opposite and equidistance position through a common central point

- e.g.) [ ethane (staggered conformation) (Fig.4.4)

Fig.4.4

methane ?? — No inversion center!!

Fig.4.4
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4.1 Symmetry Elements and Operations

= j : inversion center (inversion of the point)

Fig.4.5
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4.1 Symmetry Elements and Operations

= S, . improper axis (improper rotation, rotation-reflection operation)
- rotation by 360°/n + reflection through a perpendicular plane

- e.g.) methane — S, (x3) (through C & bisecting the angle b/w two H)

Fig.4.6
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4.1 Symmetry Elements and Operations

= S, . improper axis (improper rotation, rotation-reflection operation)
- S, axis coincident w/ a C, axis: (e.g.) snowflake: S,(= i), S;; S¢ coincides w/ C
S,, axis coincident w/ a C, axis: (e.g.) methane: S, coincides w/ C,

Sz=i

— |, o notations are preferred.
= S1 =0

= see Table 4.1 Symmetry Table of Symmetry Elements and Operations
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4.1 Symmetry Elements and Operations
|
= Examples 4.1: Find all symmetry elements!!

1) H,0: E, C, axis, planes of symmetry (x 2)

2) p-Dichlorobenzene: E, C, axis (x 3), mirror plane (x 3), i

3) ethane (staggered conformation): E, C; axis, C, axis (x 3), o (x 3), i, S¢ axis
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4.2 Point Groups

= Point Group: the set of symmetry operations (describing the molecule’s symmetry)

= Group Theory: the mathematical treatment of the properties of groups

- used for molecular orbitals, vibrations, other properties,,,

= How to ??: follow six steps shown in Figure 4.7 until final classification of the molecule

1) Determine whether low or high symmetry

2) Find the rotation axis w/ the highest n (the principal axis)

3) Does the molecule have any C, axes perpendicular to the C, axis?
4) Does the molecule have a mirror plane (g;,) perpendicular to the C, axis?
5) Does the molecule have any mirror plane (g, or g,) that contain the C, axis?

6) Is there an 5,, axis collinear w/ the C,, axis?
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4.2 Point Groups

Fig.4.7 Diagram of the Point Group Assighment Method.
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4.2.1 Groups of Low and High Symmetry

1. Determine whether the molecule belongs to one of the special cases of low or high symmetry

1) Low symmetry: few or no symmetry operations
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4.2.1 Group of Low and High Symmetry

1. Determine whether the molecule belongs to one of the special cases of low or high symmetry

2) High symmetry:
contain many symm. operations
- linear, tetrahedral, octahedral,

icosahedral
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4.2.2 Other Groups

2. Find the rotation axis w/ the highest n, the highest order C, axis for the molecule. This is

principal axis of the molecule.

- If all equivalent, choose one passing through the most # atom as a principal axis

Fig.4.8
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4.2.2 Other Groups

3. Does the molecule have any C, axes perpendicular to the C, axis?
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* There are nC, axes !!
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4.2.2 Other Groups

4. Does the molecule have a mirror plane (o}, horizontal plane) perpendicular to the C, axis?

D Groups C or S Groups

Fig.4.11
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4.2.2 Other Groups

5. Does the molecule have any mirror plane (o, or o,) that contain the C, axis?

D Groups C or S Groups

* There are n of these planes!! * There are n of these planes!!
Fig.4.12
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4.2.2 Other Groups

6. Is there an §,, axis collinear with the C, axis?

C or S Groups

Fig.4.12
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4.2.2 Other Groups

= More Examples
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4.2.2 Other Groups

= More Examples
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4.2.2 Other Groups

|
= More Examples
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4.2.2 Other Groups

|
= More Examples
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4.2.2 Other Groups

= Example 4.2:

1) XeF,: 1. no low or high symm.
2. C,

3. perpendicular C, (x 4) — D Group Fig.3.13

4. horizontal plane — D,

2) SF,: 1. no low or high symm.
.G,
. no other C, — C or S Group Fig.3.13

. N0 O},

o1 AN W N

- Oy (X 2) - CZv

3) IOF;: 1. no low or high symm.
2. 0, Fig.3.16

3. C,
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4.2.2 Other Groups

= C versus D Point Group Classification
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4.2.2 Other Groups

= Group Related to /,, O, and T, Group

= flh: C60’ _—

A

O,: SF

| T4 CH,
- purely rotational subgroup: I, O, T
GoE o+ only proper axes W/0 i, 0, S, e

) Fig.4.13
T T + i — S, S, 0y (e.g. WIN(CH,),], e
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4.3 Properties and Representations of Groups

= Properties of Group

- symmetry operations for ammonia

Fig.4.14
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4.3 Properties and Representations of Groups
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4.3.1 Matrices

= |[mportant information about the symmetry aspect of point group is summarized,,,

in character table !!

T

to understand character table,,,, properties of matrices should be considered !!

(basis of the tables)

= matrix: an ordered array of humbers

e.g.) {3 7} or [2013 5]
2 1
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4.3.1 Matrices

|
= Multiplication

1) # vertical column of the 15t matrix = # of horizontal rows of the 2"d matrix

2) match term by term - each term in a row must be multiplied by its corresponding term in the
appropriate column of the 2" matrix

3) product’s (# row (determined by the row of the 15t matrix)

# column (determined by the column of the 2" matrix)

Ci; =2 (A x By

C;; = product matrix, w/ i row & j column
A, = initial matrix, w/ i rows & k column
B,; = initial matrix, w/ k row & j column

= Examples

© 2014 Pearson Education, Inc.
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4.3.2 Representation

|
= Symmetry operations: matrix representations

- e.g.) H,0: C,, point group - E, C,, 0,(xz), 0, (yz)

/

Z axis xz plane as the plane of molecule
: symmetry operation may be expressed as a traﬂormation matrix

—
[new coordinates] = [transformation matrix] [old coordinates]

\
1) C,: X’ =new x = -x 100
Jy =newy=-y 0-10
(Z=newz=z2 0 01
in matrix notation,
X’ -1 00 X -X X’ -X
y | =010}y | =[Y]| or |V |=]|"Y
z’ 0O 0 1 y4 Z y A Z
new _ |transformation old _ | new coordinates
coordinates matrix coordinates | =~ | In terms of old

© 2014 Pearson Education, Inc.
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4.3.2 Representation
|

2) 0,(xz): (X’ =new x = X

1 00
<y =newy=-y 0-10
(Z’=newz= z 0 0 1
in matrix notation
x’ 1 00 X X x’ X
y| | =10-10y | =1|Y]| or |[Y]|=]"
z’ 0O 0 1 Z Z z’ Z

© 2014 Pearson Education, Inc.
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4.3.2 Representation

= Matrix representation: satisfies the properties of group

: each matrix corresponds to an operation
e.g.) multiplying two matrices < multiplying two corresponding operations

(* carrying out to left, C,0, means o, followed by C,)

)

0 0
C,Xo,(xz) = 10| =0,0y2)
0 1

o o A

0
-1
0

- o o
o O -
o 4 O

0
0 =
1

o o A

* Character: only for a square matrix

C, the sum of the # on the diagonal from upper left to lower right

e.g.) for C,, from the above operation

E|l 6 | o |02

<3\-1|1|1

reducible representation (I)

- can be reduced to irreducible representations
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4.3.2 Representation

|
» Reducible and irreducible representations

- transformation matrix is ‘block diagonalized’ — broken into smaller matrices along the

diagonal
[11 0 O [-1] 0 O [1] 0 O [-1]1 0 O
E:|{0[1]0]| C:| 0[1]10]| 0/x2):| 0[1]0 | 0,/(yz):| 0[1]0
0 0 [1] 0 0 [1] 0 0 [1] 0 0 [1]

T

1x1 matrix along the principal diagonal

- X, V, Z coordinates are independent each other
each 1, 1 position — result of the x coordinate
G J each 2, 2 position — result of the y coordinate
each 3, 3 position — result of the z coordinate

© 2014 Pearson Education, Inc.
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4.3.2 Representation

» Reducible and irreducible representations

four matrix elements for x — representation of the group
¢, J four matrix elements for y — representation of the group
four matrix elements for z — representation of the group

y each row: irreducible representation — cannot simplified further

“ 3 of irreducible representation: reducible representation

© 2014 Pearson Education, Inc.
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4.3.3 Character Table

= Character table: a complete set of irreducible representations for a point group

= C,, character table w/ the irreducible representations

© 2011 Pearson Education, Inc.

= The labels used w/ character tables
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4.3.3 Character Table
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4.3.3 Character Table

© 2014 Pearson Education, Inc.

Inorganic Chemistry1



4.3.3 Character Table

= Understanding A, representation of the C,, group using properties of group
- 4 columns — thus,, 4 classes (property 2) of symmetry operations (property 3)
- orthogonality (property 6)
G a product of A; and unknown — must have ( irreducible rep. 1 (X 2)
{irreducible rep. -1 (X 2) =0
- the character of E operation — 1 (" 12+ 12+ 12+ x2=4, x =1 (property 4))

- no two operations can be the same

GorAyit 11 -

77?
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4.3.3 Character Table
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4.3.3 Character Table

= Another Example: C;, (NH;)
- C5 (120° rotation) : x’, y’ can be described by
using trigometric functions of x and y.
- (X’ = xcos(2m/3) - y(sin(2n/3) = -1/2x - [3/2y
{ y’ = xsin(2m/3) + ycos(2n/3) = /3/2x -1/2y

-E, C;, © — cannot be block diagonalized into1 X1 (- 2X2,1X1)

I

V(XZz)

—

for the C; matrix must be blocked in the 2 X 2 matrix.

(- (X, y) combination is needed for the new x’ and y’)
-( 2 X 2 matrices — E representation
{ —  How about A, ?

1 X1 matrices — A, representation

© 2014 Pearson Education, Inc.
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4.3.3 Character Table
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4.3.3 Character Table

= Additional Features of Character Table
1. C5, C2; are in the same class — clockwise and counter-clockwise direction
2. C, perpendicular to the principal axis — (C,’: pass through several atoms
C,”: pass b/w the atoms
3. (horizontal plane: o,
vertical plane: o, 04

4. in the right side of the column in the character table,

X, ¥%Z ) Px> Py> Px
! Ryy R, R, }in the character table —|

Xy, XZ, yZ | dyyy dizr dy;
totally symmetric > S

v

in C;, (X, y) have the same symm. properties as the E irreducible rep.
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4.3.3 Character Table

= Additional Features of Character Table
5. matching the symm. operation w/ list in the top row
¢, confirm any point group
6. labeling of irreducible representation (symm. — 1, antisymm. — -1)

a) letter: dimension of the irreducible representation

Dimension Symm. label
1 A, B
2 E
3 T

b) subscript: 1 — symmetric to a C, rotation perpendicular to the principal axis

2 — antisymm. to the C,
*if no perpendicular C,,,,

1 - symm. to a vertical plane

2 - antisymm. to a vertical plane

© 2014 Pearson Education, Inc.
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4.3.3 Character Table

|
= Additional Features of Character Table

6. c) subscript: (g (gerade) — symm. toi
{u (ungerade) — antisymm. to i
d){single prime (‘) — symm to o,

double prime (“) — antisymm. to o,

© 2014 Pearson Education, Inc.
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4.4 Examples and Application of Symmetry

4.4.1 Chirality
= chiral/dissymmetric: molecules that are not superimposable on their mirror image
e.g.) {CBrClFI

propeller (C; axis)

Fig.4.18

-« condition for chirality:{no symm. operation other than E or,,,

only proper rotation

© 2014 Pearson Education, Inc.
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4.4 Examples and Application of Symmetry

4.4.1 Chirality
= optical activity: the ability of chiral molecules to rotate plane-polarized light
1) clockwise rotation: dextrorotatory

2) anticlockwise rotation: levorotatory

Fig.4.19

Fig.4.20
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4.4.2 Molecular Vibrations

: Symmetry can help to determine the mode of vibration of molecule
= water (C,, symm.): X, v, z coordinates should be used for each atom.
x - plane of molecule

y - perpendicular to plane — Total 9 transformation
(motion of each atom in x, y, z directions)

z - C, axes

Fig.4.21
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4.4.2 Molecular Vibrations

- to assign translation, rotation, vibration motion — use a transformation matrix for a symm. operation !!

C»for H,O w/ 9 transformation — e.g.) 9 x 9, C, matrix

[new axes] = [transformation matrix (9 x 9)] [initial axes]

( if position changes (during the operation) — 0

- { if unchanged changes — 1

| if vector direction changes — -1

- use the character of the representation matrices instead of individual matrix

- sum of along the diagonal

¢ no-zero entry appears along the diagonal of the matrix only for an atom
that does not change position.
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4.4.2 Molecular Vibrations

- reducible representation '
( E: 9 — no change
C,: (2H — 0: change position
{ O — (-1)+(-1)+1=-1: X%,y - reversed
{ Z - remains same
o,(xz) (plane of molecule): 3-3 +3 =3 :{ X, Z - unchanged

y - change the direction

| 0, (yz): { 2H — 0: changed position

1+1+1=1

v

0] —>{x - change direction

Yy, Z - unchanged

© 2014 Pearson Education, Inc.
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4.4.2 Molecular Vibrations

--------

reducible representation

.- Because all nine directions vectors are included in this representation,,
it represents all the motions of molecules: [ 3 translations,

3 rotations,
3 vibrations
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4.4.2 Molecular Vibrations

= Reducing a reducible representation to irreducible representations

: separate the reducible representation into its component irreducible representations

- reduction formula

# irreducible , character of character of
representation of | = (1 /order)z #.operatlons X reducible X irreducible
a given type in the class representation representation
- For H,0,,
Ny = 174[(9)(1) + (-1)(1) + 3)(1) + (1)(1)] = 3
Ny = 1/74[(9)(1) + (-1)(1) + 3)(-1) + (1)(-1)] = 1
ng; = 1/4[(9)(1) + (-1)(-1) + B)(1) + (1)(-1)] =3

— [ =3A, +A, + 3B, + +2B,
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4.4.2 Molecular Vibrations

- according to the character table,,,

( translation along x, vy, z: A; + B, + B,

A

rotation (R, R, R)): A, + By + B,

. vibration mode: 2A, + B,

© 2014 Pearson Education, Inc.

Inorganic Chemistry1



4.4.2 Molecular Vibrations

Example 4.4) Using the x, y, z coordinates for each atom in XeF,, determine the reducible

representation for all molecular motions; reduce this representation to its irreducible

components; and classify these representations into translational, rotational, and vibrational

mode.

Fig.4.22

sol) only the coordinates on atoms that do not move when symmetry operations are applied can

give rise to nonzero elements along the diagonals of transformation matrices.

if unchanged — 1
if reverse the direction — -1

if move to another coordinate — 0

© 2014 Pearson Education, Inc.
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4.4.2 Molecular Vibrations

wnuy
03 e,

There are 15 possible motions to be considered.

If reduced,,

Gl = Ay + Ay + Byg + Byg + E, + 2A,, + By, + 3E,

© 2014 Pearson Education, Inc.
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4.4.2 Molecular Vibrations

= translational motion: motion through space w/ x, y, z components

z A,
{x, y: E,

Fig.4.23

" Rotationl motion: rotation about the X, y, z axis (R, R,, R,)
{ R, t Agg
(R, R,): E,

Fig.4.24
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4.4.2 Molecular Vibrations

|
= vibrational motion: 15-3-3=9

:{ change in bond length & angles

motion both within and out of the molecular place

Fig.4.25
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4.4.2 Molecular Vibrations

Example 4.5) Reduce the following representation to their irreducible representation in the

point group indicated (refer to the character table in Appendix C).

Coh E C, i O},
r 4 0 2 2
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4.4.2 Molecular Vibrations

» Infrared Spectra

- infrared active: if there is any change in the dipole moment of the molecule

- using group theory: infrared active if it corresponds to an irreducible

representation that has the same symmetry (or transformation) as the
Cartesian coordinates x, v, z
" vibrational motion — change the center of charge — change in dipole moment

= We can select particular vibrational modes!!!

e.g.) C-0O stretching bands cis- and trans-dicarbonyl square planar complex

Fig.4.26
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4.4.2 Molecular Vibrations

1) cis-ML,(CO,) point group C,,:

Fig.4.27

- either an increase or decrease in the C-O distance
C, generate the reducible representation usign C-O bond as shown in Fig.4.27
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4.4.2 Molecular Vibrations

1) cis-ML,(CO,) point group C,..

reduction

r=A1 +B1

A —z
B1 . Both A, B, transforms as the Cartesian coordinates z, x
1 —>

.. There are two IR active vibrational modes!!
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4.4.2 Molecular Vibrations

2) trans-ML,(CO,) point group D, :

reduction<
r =Ag + B3U

{Ag — No — |R-inactive
B;, @ X — IR-active

.. There are one IR active vibrational modes!!

© 2014 Pearson Education, Inc.
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4.4.2 Molecular Vibrations

. Therefore, to distinguish cis- & trans-ML,(CO), by IR.

( { one C-O stretching band — trans

two C-O stretching band — cis

Example 4.6) Determine the # of IR active CO stretching modes for fac-Mo(CO);(CH;CH,CN),

Fig.4.28
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4.4.2 Molecular Vibrations

= Raman Spectra
- laser — excite molecule to higher electronic states (“virtual” states)
— decay of excited states to various vibrational states — provide info. about vibrational E

- Raman active if there is a change in polarizability!!!

G xy, yz, xz, X2, y2, z2 functions or linear combination of any of these.

e.g.) XeO, (Ty) — two Raman bands at 778 & 878 cm'. Confirm these bands!!

reduction<
[ =A, + T,

. Both the A; & T, — two Raman active bands!!
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