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1.2 A& A0|22E Al (Linear D. E. of second order) )

bt el

- ,- -_“n'-i- '-rH_

V' + p(x)y' + q(x)y = r(x)

D) r(x)=0 @23 A& KX AD| 2L EA |
2)r(x) # 0 122 SE UIMI A0IZYTIA | o

i y)
2H HE R ADIEYEA

y'+ p(x)y +q(x)y=0]

. _ _ Vi, YV, o =2 (basis)
i) LBtol . YV, = G T G, N
¢, €,  &b==(constant)

gt =2 p(0) =a, y'(0)=b J
A y(a)=A, y(b)=B




1.2 A& AD|22HRE Al(Linear D. E. of second ordéf) A

DH HE HIRX A2 Y S A

'+ p(x)y +q(x)y = r(x)

B

Ol

i) & Bt

Yt Y, Gpirmolts2

Yy +CY, T,

(=2 : Vo ¥ ypy= HIMA 0122 J1=2 010
[et M dHidiol Me CHEICH.)

i) SEH: 0 SHH 2




2. L& 2 ot il
(How to obtam another basis if one basis is know B e

A== S A8 (method of reduction of order)

™

4

y'+ p(x)y'+q(x)y =0 : =— # k(Not proportional)
V)

y, (known) — v, (unknown)

Y

= = u(x). Vo = U

M

yz':M'yl-l—uyl', yz": u"yl _I_u'yl'_l_u'yl'_l_uyl"

=u"'y, +2u'y,'+uy,"




2. LIE &2 Hot)|
(How to obtam another basis if one basis is know_-.. ..... 3\

Y+ py'tqy=u"y, +2u'y +uy,"+ pu'y, +uy,')+quy,
=y, -u"+Q2y/ "+ py)u'+(y,"+ py,'+qy,)u=0
yoou"+ QCy'+pyu'=0 , u=U, u"=U'
v, U +2y,"+ py)U =0 <« Separable form.
d_U_j 2+ o
M1

ln‘U‘ =—j(2)):1 + p)dx , U = exp(—j(z))jl' + p) dx)
1 1

2 !
u'=U =exp(-[ (1 + p) dx)
V1

.'.uszdx, yzzlea’x-y1

]’:““I




3. 2H &==H= && XXt &0l=2EHA
homogeneous ordinary D.E. with constant coefficients)

(Second ordéfiis

V+a)+by=0

—CX

(@]]]

Hel y'+cy=0L, y=e

= €

Ax , (-c = AZ X&)

y=e",y = 1", y":/lze’&

e + ale™ + be™ = (X + al + b)e™ =
A+al+b=0 :12 Sd 23 ¢HA




3. 2H &=H= &= MXt &0l E A (Second ordefi g
homogeneous ordinary D.E. with constant coefficients)

—a+~a’—4b

Frai+h=0|, A=
i) a* —4b > 0,
(distinct real roots;, A, A ,)
Ax Ay x
yy=¢e'", y,=e
y, =ce "+ cet
iiya® —4b= 0,
(real double root, A, = A ,= A1)

Ax

=€, Y, = Uy = x-e* (u(x) = x)

Vi = (¢ + sz)e}ix




3. 2J === 848 Mt «0l=2 84 (Second order

d o o /M

homogeneous ordinary D.E. with constant coefficien

i) a* —4b <0,

(Complex conjugate roots; A, =a £ if)

), = e}»lx _ e(g+fﬁ)x — p%* *€iﬁx — %* ,(cosﬁx+isin ﬁ)ﬂ)

y, = e -cos fx
y, = &' =@ = g% o' OF) = %% (o5 fx —isin fx)
y, = € -sin fx

= (¢, cos fx +c, -sin fx)e””




3. 2H &=H= & MK AO0=2HA(Second ordéil

homogeneous ordinary D.E. with constant coefficients) =

@ oR 1 16y"— 7’y =0.

sol .
g =
—;Z;—(i+ )(/’t——) 0
7T 7T
:——, ﬂy = —
A 4’ 7 4
yl—e_“ , y=¢




3. 2 &=l d& M &0I=2E A (Second order
homogeneous ordinary D.E. with constant coefficients)

@ oE 2 Y+ 2k + k7Y =0.

sol

24 24+ K =(A+k) =0
A=—-k,32
ylze_kxa y2=x'€_kx

. —kx —kx

e
=(c, +¢,x)e




3. 2H A=A A" HA A0S A A (Second order
homogeneous ordinary D.E. with constant coefficien

W GlAl 3 y" +4y' —|—(4—|—g)2)y -0
sol
AP +4i+(d+0’)=0

/1:—2i\/4_(4_|_a)2) — D ++/— @?
=—2tiw

11:_24‘10), 12:—2_10)

L9 5 '
y1:e xCOSC()x, yzze x'SlIla)x

: —2
Sy, =(c,cos wx +c, sin wx)e




3. 2H &A=+ &< MX &0l=2E A (Second order
homogeneous ordinary D.E. with constant coefficient

W olm 4y =2y +(@7 +D)y=0, »0)==2, y(0)=67-2

A =2A+@r"+1)=0
—141-(47° +1) =1+y— 47" =1+i27
(21=1+i-27z, A, =1-i-2n j

y, =e -cos2mx, y,=e -sin2nx

= (¢, cos2mx +c, sin2mx)e”

T8 &=

y(0)=-2=¢
y(0)=67—-2 = ((-2cos2m+c, sin2xx)e”)._,

=((47sin2x + 27, cos2mx)e” +(—2cos2mx + ¢, sin2mx)e”)
:272C2—2 ...C2:3

.y, =(—2c0s2mx +3sin27zx)e”




= A XHDifferential operator)

d dy
D=—, Dy=—=y" D =D(D )=—
dx 4 dx 4 ( ) dx(

L=P(D)=D"+aD+b

L(y) = P(D)(y)
= (D? + aD + b)y
= D’y + aDy + by
= '+ a'+ by

1

dzy

dx

;=Y

"




1

4. 0|2 A AL XH(Differential operator) w

@ omMs5(64D° +16D + 1)y =0

sol ~ 64y"+16y'+y=0

"""""""""""""""""""""""""" "_i_lv_|_L _O
Y T 4Y T ea?




5. 24 &= HIXt A0|=& &4 / Euler—Cauchy equ'af

x’y" + axy '+ by =0

m

y=x", y'=mx"", y'=m(m-1)x""
x*-m(m—=1)x"" + ax-mx"" +bx"
=m(m—-Dx" + amx”™ + bx"
={m(m-1)+am + b}x" =0
x" =0, m(m—1)+am+b:0

m +(a—Dm + b =0:ms S& LA




5. 24 &8 MKt &0l=2 &4 / Buler-Cauchy eQulajT;'f

—(a-1)t+J(a—1)>—4b
2

@alm?’> + (a -1)ym + b = 0|m,=

i) (a—-1)>—-4b>0,
(distinct  real roots ;m,, m,)
Yi =X 5, YV, =X
Yy, =¢c, x" + c,x™

i) (a—-1)>-4b =0,

(real double root ;m, =m, =m)
22k, y, =u(x)y (u(x)=Inlx)
Y1

Vv, = Xm, yzzxm-ln‘x‘

v, = (c, + cz-ln‘x‘)xm




5.2 A& M A2 A

@ OoM610 x> y" + 46 xp '+ 32 .4y = 0

sol . 10m(m—1) + 46m + 32.4
- 10m> +36m +32.4 =0

 —18£4/187-324  —18 £ 0

m —
10 10
—_ 9 A
=_-2 =
5
9 9
y,=x°,y,=x"°Inx|, (ux)=In|x))




5. 23 S8 KX ADI22FAl/ Euler-Cauchy equation

@oM7(xD * + D)y =0

sol . xy"+ ' = 0 (L0l x2 Z5t01)
x*y" + xy' =0 : Euler—Cauchy equation

mm=1)+m=m*=0, m=0,

yy=x =1, yzzln‘x

YV, = ¢ +czln‘x‘




6. 23 M HIMX ADI2LHA

]

W 0l& H==Y(method of undetermined coefficients)

y'+ p(x)y'+ qg(x)y =r(x)

deth: y = y, + Y, (0N yE w2 2)

y'+ ay'+by = r(x)

Fol 1y, B2 P8 F, V,B FEHL
Ol Vi, Yy, V0t J1B22% EM6Hoi0r oz

HIZISHAIS Ol TH20ICH




6. 23 M HIMX ADI2LHA

W 0l& H==Y(method of undetermined coefficients)

Term in r(x) Choice for y,
Lo o
kx" (n=0,1,2,3--) kx"+k _x"" +-+kx +k,
k coswx Kcoswx +M sinwx
ksinwx K coswx + M stnwx
ke™ -coswx (K coswx +M sinwx)e™

ke™ -sinwx (K coswx + M sinwx)e”™




6. 22 S & BIRIX ADI2LEA

domsY"' — ¥y =2e" + 6e°"

y
sol  A'-1=(+D(A-1)=0
Ay

—_1 1 . Al
2 ° T =2

- X

y,=e ", y, =¢e"
y, = kxe*+ ke’ (et S2

y', = ke’ + kxe® + 2k,e’”

y", = ke + ke’ + kxe” + 4k, e"
2ke” + k,xe’ + 4k2e2x — k,xe” — kzezx
= 2ke"+ 3k,e2 = 2e" + 6e*

2k, =2, k, =1
3k, =6, k, =2

y, =xe*+ 2e*"

y=ce +ce’+ xe*+ 2e’"




6. 2 &E HIMX ADI 2L A ge=

W H=HEE (Method of variation of parameters)

"

y'+ p(x)y'+q(x)y = r(x)

A0l B8 2, 5 2 Pots JbE LB HEoIC
E
Yy, r Y, r 1
y,(x) = - ylf ~——dx + yzf VIV df/
Yoy \ ,
W= T =y — vy
(Wronskian) W, ¥,
' w.,-r w.,-r -
or [y, (x) = »] - v, | e
0 vy y 0
le‘ 2,:_)’29W2: 1, ‘:)ﬁ
1 V2 y'o1




6. 2Hl & BINX 02 E A

W B9 3% (Method of variation of parameters)

y'+ o py'+ gy = r(x)9 y ol Wik S

— YV, (X)) = u(x)y, (x) + v(x)y,(x)
ylp =u'y, +u,'+ vy, +vy,’ (u'y, +v'y,=0)

=uy,' + vy,
L yllp — ulyll _|_ uylll _|_ vlyzl +Vy2"
w'y, '+ uy "+ vy, +w," + puy '+ pvy,'+ quy, +qvy,

="ty rgru + (Y, py, gV + uly !+ vy,
= r(x)

uw'y,'+v'y,' =r

[u'y1 + vy, =0

u' (V' Vo, = iy, ) =r-y, . W=yy,'— y'y,

e Yo :_J'yz jv_J-yl

]

W

I-J.y;V- dx +y2J.y;/V- dx




HF X Al

6. 2H &< BIMA &0|I=

o © T
1] ' _ 2 Xx
@oroy" — 4y'+ S5y = e’ -cosec x
2
sol A —414+5=0
A=2+J4-5=2=+i, & SH=A
2 2 o
y,=e’ -cosx, y, =e"-sinx
W e’ -cos x , e’ -sin x
2’ .cos x—e* -sinx , 2e*"-sin x+e’* -cos x
_ 2x 2x o 2x 2x o 2x 2x o
=e""-cosx(2e”"-sin x+e”" -cos x)—e"" -sin x(2e”" -cos x—e”" -sin x)
4 2 ) 4
=e "(cos" x+sin"x) =e""
2x 2 2x 1 2x 2x 1
e -sin x-e”" - — e"-cosx-e -
2 2 o
y =—ex-cosxj Smxdx+ex-smxj S Xy
p 4x 4 x
e e
2 2 o
= —e"-x-cosXx + e x-smx_[cotxdx
2 2 . .
= —e"-x-cosXx + e x-smx-ln‘smx‘
. 2 2 2 . .
y = (¢, cos x + ¢,sin x)e** — " -x-cos x+ e”* -sin x-In|sin x|




