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Probability

Q Random Experiment

(il die tossing
Q Outcome ¢&,&,,6,,¢,,E,&

Q Sample Space

» set of all possible outcomes, S ={&,¢&,,&,,E,,5,E}

a Event

* subset of sample space A={, ¢&,, &}
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Probability

Q Union of two events
7 A+B == AUB

0 Intersection of two events : Z & A1 (joint event)
%7] AB T ANB

0 &S Bl BF (mutually exclusive) Al
o A2t BJ} disjoint set

Ail6

0X
ly
i
g
N

o

[
R
| |:|

FZHA 5/81



Probability

O Example: =AIR S Xl= AWM AAE 2200 AFA

S
B/\ /

(‘652 ° & fDA

N
¢ AUB:{§2'§31§4’§6}
° AﬂB :{54}
e A2} C= HHIBFALA
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Probability

Q Relative Frequency and Probability

¢ NA): EAE MBS N S AGIH EF AH AU

l
1>

o At A 2 relative frequency

0<P(A)<1
P(A)=0 if A=Q
P(A)=1 if A=S
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Probability

Q Event AHO| 2] 2t H|
e SFAHAE=BIIENHYE SHE
P(AU B) = P(A+ B) = P(A) + P(B) — P(AB)
« A2IBItHIBIAIZICI B
P(A or B) = P(AU B) = P(A) + P(B)
« HAHCS =E

P(A%) =1-P(A)
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Probability

Q Conditional Probability
P(AB)
" P(A)
P(A[B) = P(AB)
. [2HA] P(B)
P(AB) = P(B) P(A|B)

P(B|A)

Q Bayes’ rule

HBMZNM&Hm
P(A)
p(AlB) = P(B|A)P(A)
P(B)
o OO HH XAHE SHEES2 A LHE =S (reversed conditional
probability)2 AIEotd Z&& &= UL
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Probability

Q Total Probability

NAW) FSkel NS

N
S=JA with ANA =0 forall i= ]
n=1

o
1>
;0
[

g

e X ™ At B= G810 201 =
B=J®NA)

« AZABO EHER

N N
P(B)=) P(B-A,)=) P(B|A)P(A,)
n=1 n=1
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Probability

O Bayes’ Rule

« Bayes &= 0|Eol(H Ut 2= = UL

P(B|A,)P P(B|A,)P
(A, [B) =" |/:2;)(An>: n( An)P(A)
D P(B|A)P(A)
n=1
o O] A2 2/0l= At BIF 01 AAGHHIA AFA A0l 20 E
SHES o=l J_NH S LH=E, S AHA A, O E0E L2402
MABL #E== AIE0otH 23 £ Alt= A0IU
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Probability
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Qj

Odl Xl 6.1

NS EHA 20 UHLBEH FHOILILHETZ
At
S ={HH,HT,TH,TT} A={HH,HT TH}, B={HH TT}

3 2 1
a _ — = — = —
(@) P) =7 PB) =7 =3
1
_P(AB) ;1
(b) PB|A)= o
P(A\B):P(AB)= : .
P(B) % 3
Cc) == _31_3
(€) ;=P(re)+P(A)-P(EB)=2 > =

[retM =& & 01X &L

A& B &5 +2f

i

5 IZZH4
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Odl Al 6.2

O 0|&X ClKE Epl A|AE
o SAI=0A @3%*75_‘?_3}0 Ol At

o, Bt = 1=

(a) =410|0 22 58
(b) 2 A=A ASE
MEBIUS HES D5

HU. /\|D|01|/H OZ &goPﬂEHI
|

Ol
SZ 0t a= OlOIPJ
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= 0]
=HA SE THES SEd2 UsSU &0l AHAR EE=E2M 2
P(B,|A) =P(By|A) =a =0.1
P(By|A) =P(B;|A) =1-a=0.9
(a) AlDJ|IO @2 =&
P(error) = P(A, B;) + P(A By) = P(B,|A))P(Ay) + P(By | A)P(A)
=a-ppta-p=a=0.1
(0) a5y~ PEIAPAY) _ PEIAP(A)
- P(B) "

> P(B|A)P(A,)
n=1

P(B,|A)P(A) . @-a)p _ 09x0.2

= P(Ai‘Bl) = P(Bl‘Al)P(Ai)+ P(Bl‘Ao)P(AO) C(l-a) pp+ap, 0.9x0.2+0.1x0.8 B
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Random Variable
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O Random Variable
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P(X <X)

P(A) =P €S:X(£)<x})
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3|-
S T

sl=22

StEF I & 2=(probability distribution function: PDF) &£ &=
SHSIE g

(cumulative distribution function: CDF)
Fy(z) = P(X < z)

Fy (%)
. CDF9| & Z

) 0<F () <1 T

A6 & = &5+
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Q FARIE HAN L2 =2 ) =
FHot= &= JHotAL O] &8 +2
P(le):P(X:Z)zP(X:3):P(X=4):P(X:5):P(X:6):%
For x<1Fy(x)=0
For 1<x<2 Fy (x)=P(X<x)=P(X =1)=1/6

6

Fy (X) = Zp(x u(x—i) = Zéu(x—i)
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HE=T B

) fx(x)=0 forallx
i) [ f00dx =1

i) B 09 = [ fx 0o
o

/ > X _
0
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XC| pdfIt Ch
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fx (X)
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= 0|
() EE=Le=
Fe) =] f,00dx=]" aedx
riebx X <0
= b
L%(2—e—bX) x>0
(b) j_ f (X)dx:'[_oo ae My = 22 _1
= b =2a
(C) BHEH A XJF 172 AH0|Q 22 IR &t 5
Pl< X < j "o Maix :—[e‘b e ]
2
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Joint CDF and Joint pdf

Rl

I & ==(joint distribution function)

Foo (X, y)=P(X <X, Y <Yy)

2 stE A T & 2=(joint pdf)
2
o (X, Y) =@ Fo (X, Y) P(X, <X <X, V,£Y<y,)= J'yizjxj fo (X, y)dxdy
TfXY(X,y)
fx (X)

A

-— = f, (x)dx 9=t (xy)dxdly >
X
> X | ; e
0 — de®

24181



Joint CDF and Joint pdf

Q Joint pdfe & & o
) Fey (00,00 =P(X <0, Y <o) =[ " [ f,,(x, y)dxdy =1

i) E, (X)=P(X <X, —0<Y <o) ZIJZ £, (X, y)dxdy

i) 00 = fo (x y)dy
Q Independent random variables
e SEEHSX2AYIIIAZ SE0[2tH
Foo (X, Y)=P(X <X YSyYy)=P(X<X)P(Y Zy)=F, (X)F (Y)
Fxr (X, ) = £ (x) £, (y)
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Statistical Averages
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SHE 82

0 &gt (mean value)
m, = X = E[X]2 j xf, (X)dx

e O|AFEIBHAO 24O

= X =E[X]£ D xP(x)
where P(x;) = P(X = x.) Is called probability mass function (pmf)
 Function of random variable Y=g(X)2| &

m, =E[Y]= [ yf, (y)dy =

m, =E[Y] =,’_wg(x) fy (x)dx
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SHE 82

aQ Moments
o ESEHY L X2 nXt moment
E[X"]= j_°° X" £, (X)dx
n=1= mean
n =2 = mean square value

o EEH= X2l nkt central moment
E[(X —my)']= | (x=m,)" f, (x)dx
n=2 = variance
ok =E[(X —my)*1=] (x=my)* f, (x)dx

o =E[X?]-2m} +m; = E[X*]-m;

Mo & S EH+2f AHE T ZE LA 28/ 81



m, = E[aX +b]:j:(ax+b) f, (X)dx =am, +b

o, = E[(Y -m,)*]= E[(aX +b—am, —~b)’]
= E[a*(X —m,)°]

Aa2.2

A& SEH o HE T ZE A4

29/81



a Joint Moment

Q Correlation
 Forj=k=1, E[XY]is called correlation of X and Y

. DH £ EEH AT S20/2}H
Y

fry (xy) = T, () £, (y)
— E[XY]=E[X]E[Y]
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SHE 82

a Joint Central Moment
EEH s X2 Y2 jkXF joint central moment

o T—.E;

E[(X —m) (Y =m,) 1= [ (x=my ) (y—m,)" f,, (xy) dxdy

Q Covariance

e Forj=k=1,
cov(X, Y)=o.=E[(X-m)(Y-m,)] is called covariance of X and Y

o Correlation2t2] 2tHA|

= E[XY]-m,m,
o DI & i*%t‘ =Jt =& 0[ctH, E[XY] = E[X] E[Y] OIE 2
oy =0
T6 B SE L+ HE T2 HA 31/81



SHE 82

0 42t H ==(Correlation Coefficient)
e Covariance= normalizest gt
Oxy El(X —my)(Y —m,)]

* T ooy T JEX —my PIBIY — my
. S EEYAI YOI, p=0
. SEBUAI S| BLE0f yzax 2% 22 BAHE NN E B
o) CLO'2 a
pZUXX;Y =\/é:@=i1
. AR 2O HY
—1<p<+1
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SHE 82

0 42t H ==(Correlation Coefficient)
o AEHIF0Q B, & & EH It uncorrelated & U CHL) SHCEH
 |If two random variables are independent, they are also uncorrelated.
o U Y2 EIEA HdEotHK= E3
e = uncorrelated =& H == 2 joint pdfJ} separablect Al 2=
 Special case: jointly Gaussian random variable2| & < uncorrelated &l &
independent&!
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Ss+=0 Az =880/cHE

|

2 2 2
O'Z—O-X—l_O-Y
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all

SEH

OlgtZ=X+Y

29| g

y(z,2 —z)dr  Superposition integral

(2,2 —x) = fy(2)fy (2 — )

Convolutional integral

35/81

A& SEH o HE T ZE A4



110D

ol
<
¥
[l
o

1100

ol .
<+
B[
Ul

W N
—— 50

<J
DK

n
1

Zvar(Xk) + Zn:Zcov(X.,Xk)

k= j

OletH

=1 k

1

k

var(Z)

_|

RT
Al
T

N=Z

Ul
<+

pig

D

[l
o

36/81

A& SEH o HE T ZE A4



110D

ol
<k
¥/
[l
o

a Central Limit Theorem
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Gaussian = I

QO E 0| mOl ) E4t0| 622! Gaussian =& H ==2| pdf

1 (z — m)’
fX (x) - oV2r e 20
fy (X)
A
|
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|
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i » X
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o E0| 00|12

fy(z) =

V2

:J
L

1

Q Function

LFO| 191 Gaussian 2HE H 2= 2| pdf

exp| L
p2
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Q Function
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Q Function

Q Error Function

erf(z) £ %7“/: exp(—u”)du

Q Complementary Error Function

erfe(z) 2 1 — erf(z) = —f exp(—

O Complementary error functiont Q function2t2| 2t H|

erfe(r) = 2Q(~2 )

Mo & S EH+2f AHE T ZE LA 42181
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Rayleigh
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; e
Rayleigh =& &
SEHSRI} OO ZE =47
Lex [i] r>0
) =17 P27 T Rayleigh distribution
0 r <0
1
— 0<06 <27
fo(0) =127 Uniform distribution
0 otherwise
A
T T
My = /5 % o 2—5)02
0 CT
& St EH +2f eHE T Z A4 44181




Rayleigh &

2 =g H80|(H, BE0]| 00|

Or 22 42} 5HAL.

Rl

— J/N? + N? = Rayleigh
tan ' (V. /N,) & uniform

I j
1 =

==
[l —)

H[[
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where

Iy(r) =

Ricean = &

M=z =800, 8
AlOF 2t & B ==} ot AL
A= Z=(A+N,) +] N,

0l 00/ 24t0] = ot

—

4

2 2
%exp ! +2A ] ]O[A:] Ricean distribution
o 20
A 1 p7 modified zero-order Bessel function
—f exp(r cos 6)do o
2mJ —x of the first kind
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o« A=00|H 2IOIAICHE & &

bioh &8 HE == ct0|AIQt 2 == Jt

& of 2HLF.

A 0 (Rayleigh)
o

4y

e i
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Random Process
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Random Process

HOfl Tol &l =2l gt d =0l E&

1 & & Al'S (deterministic S|gnal)3
Ol AOIA H2ts| Tae 4 g2

4L - =2 HA =

(random signal)ct aH].
Zht=t0l A2 ef

|t t :X(z)jl'%tl'
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Random Process

P T TS
)jngv wvv W

v

/\Xc:c t)/\X(U) ' /\
X(¢ast)

V\NVV i

X(to) X(t) X(t) X(ty,)

X(¢)
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Random Process2| 0

A& X(t) = 10 COS(lOOﬂ't +0)o B= &t

/\/\A/\

\/\/\/\/
/\/\/\/\

V\/\/\/

AX(

AN AN

VIAVAAVAAVAS
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Random Process2| (4

0 HE T2 A X(t) = Acos(1007t) O] T &2 &t

NN NN
VALVAAVARY,

N /NN N
NV Y VA

AN
y
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Q Variance

oy (t) =

Statistical Averages

BUX() —m (OF] = [ {alt) = my ()Y f (5 t)de
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Statistical Averages

Q Autocorrelation
Re(tit) £ BIX()X(W)] = | [ awyfy (@,25t,4) doyda,
« t, =t,0/ ™ autocorrelation= &= 0| =l L},

P(t) = Ry(t,t) = E|X(t)['] f_oo|331 I fx (@5¢) dz,

QO Crosscorrelation
Ryy(t,t,) = E[X(H)Y ()] = f_oo f_oo TiYafxy, (@1, Yoty 2, Jd, dy,
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Autocorrelation

Q Autocorrelation?| 2| 0|
. Rx(tl,tz)t HE T2 MA X2 EHE
= AN =0 S0tLE FAFSHAI S LEEHHH
e U= 108 @A &0 =2lH Hole= e

=

)
Lk —r’“ UL,

HH

=

2 &2 O 0l CHol M &= X(t) 2 X(t,))F &2 d = P | LA 2
()2t 20| Wit=H BHot= eilE Z=HNANA= &2 10 EHoH/HE
o2d0l H SO &L

o M2tA APJ[at2 &5+5 28 ) dE ZZ2 ML H=
0l W= H BHote Al =2l BHol=sAl tsg = U200
ZUHOZ =1+ 420 Uit EE2E & = UA =L

o HE T MAGN Uiet MEAHEH L (PSD)= AbJ|atd &
Tl Hat e 2 = &L

=

Tz NLOAM = “% ol
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Autocorrelation

o

o [awmryer
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Ergodic Process

O Random signal2| & 1} AFJ| &2k &b
« Ensemble averageZ =&
Ry (t,t,) = E[X(t)X(t,)] = f oox foXlXQ (21,7551, t,) dx dz,
P(t) = I= [ |l fy (st da,
QO Deterministic S|gnal9.l M KFD|AF2E S

e Time averagexE =&
R, (1) = (z(t)z(t + 7)) = lim %f o o(t)z(t + 7)dt

T—o0 T/2

T/2
P: _Zl“l—r>l<;lonT/2

Q Ergodlc Process

g

* Ensemble average = time average
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Stationarity

Q Joint pdf
o ABHA Ol nonstationary process= AlZ2+H0Hl [h2t CHE joint pdfE JHE
o Ol: 2Xt joint pdf

/.
leXl/ (2 st +7) fXQXQ' (22,72 31, + 7)

Q Second order stationary

I ,(x1>$1/5t17t1 + T) = f ,(x27x2/5t23t2 + T)

X X Xy Xy
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Stationarity

Q Stationary Process
 First order stationary

le (z5t) = le/ ($1/3t1 +7)

» Second order stationary

fX1X2 (), 23 t,,1,) = f (5’31/75’32/5t1 + Tty + 7T)

» (Strict sense) stationary

I
fX1X2X3-..(x17x273737"';t17t27t37”') =/ ()@ Ty o5ty + Toly + 7oty + 7,00)

X/ X, X, -
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Stationarity

Q Stationary Process2| A &
« First order stationaryot®, = f (zit) = f (a3t +7)

E[X(t)] = my(t) = my = constant (not time varying)

e Second order stationary 5t2, = fix (@ mitit) = £, (@554 + 7.t +7)
E[X(t)] = my(t) = my = constant (not time varying)
Ry (t,,t,) = Ry(t, — t,) = Ry(7) = function of time difference

« Second order stationary ofH EZ=2 af+0110 A& S+=
AZEXES] =0l X[ BH H= A&

o = HA0| &==0[12 AJ[&2 &It Al
St = Al second order stationary st 21 & Otdl.
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Stationarity

Q Wide Sense Stationary (WSS) Process
e EP0| A20| D XPD| AR B 2D} AI2ERFC
e WSS ZT2A|AC KIJ|AHRH &t
Ry(7) = E[X()X(t + 7)]
P = Ry (0) = B[X"(t)]

0 Random process2| =&

S ZE2A = 61/81
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Stationarity

Q Gl 6.7 X(t)= Acos(2mt)

o (IJIA A= EESEH=21,(a)2 pdfE Z=Lh1) oFA
e Ol eiE Z=NAC HEEut Aot =5 Heloff 2t

- Ol #E T2 AHIA S WSSIDH
0 =0|
my(t) = BX(0)] = [ _afc(w:thz = ElAcos(2nt)
- f_o:oacos(%rt) f,(ada = E[A]cos(2rt)
— m, cos(27t)
Ry(t,t,) = E[X(t)X(t,)] = E[Acos(2nt,)- Acos(27t,)]
— E[A%]cos(2nt, ) cos(2rt,)

WSSOl 2=

Mo & S EH+2f AHE T ZE LA 62 /81



Stationarity

a Ol Kkl 6.8 X(t) = cos(wt +©)

« (IIM O EE8r= (-n,n)llMd 228t =L Sd= <=0
e 08 Z=ANAS Hedt A2l =5 H3o 22

e 0] 8 Z=ANA= WSSLII?

0 =0]
my(t) = BX()] = [ ‘:fo (z;tMz = Elcos(wt + O)]

= [ cos(wt + 0)f,(0)0 = % [ cos(wt +0)0 =0
Ry(t,t,) = E[X(t)X(t,)] = E[cos(wt, + ©) - cos(wt, + O)]
— fo:o cos(wt, + 0)cos(wt, + 0)f, (0)d0
= [ Sleosflt — L)} + cosfulty + 1) + 20)] - 5-df
1

= §cos{w(t1 —t,)} = %COS(WT)

« WSS
Tlo E SE 0 BHE T2 4 A 63/81
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(o = = —

lefLt Y ZE2AMAS] ZE20 Ha20ILE PSDO CHet JHE =
MEZot=0 E JHAI 2 MIJF UL

HMMeHE T2 A= =AOZ2 MEGHH HSE 4= O,

= M 8 Z2MAE M=ot HESL2M 2|0 &0l
EMot=Xl &tHol= JigsS E2g = 0N eiE ZZ2MA0
NEHOoZ Z2|0 HetS He = U2,

ALTH 8 Z2MAL H2 sfs= T2l B0l Jtsotttl
olHctE HE2 &) B U222 Flir E42 dAXNO=Z
LIEILH= PSDE Ml AlotE HE 2Jts0otL.

Lt e Z 2 HIA Db stationary(Xl A8t WSS)0|2tH He E &
O|0] U= PSDE A olot= 210| Jt=0olLh.

Nonstationary Z 2 Nl A 2| PSD= & Aot Al &=Lt

A& SEH o HE T ZE A4
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Random Process2| PSD

0O Deterministic signal2| PSD

S.(f)=F[R,(1)] = }%%

where

T/2 00
R, (1) = lim L r(t)x(t + 7)dt = lim L Ty (), (t + T)dt

T—oo T"J -T2 T—oo T J —o0

0 WSS process2| PSD
212 =410l A time averageS ensemble average= LH Al

Autocorrelation
R (1) = E[X()X(t + 7)]

X

e PSD
Sy(f) = F[R,(7)]
e Power
P=EX*()]=R0)= [ S.(fdf

Mo & S EH+2f AHE T ZE LA 67 /81



Linear System

0 Linear system = & 2| PSD
o el L= NA XM dEESIF HR)C A A28 AAER2
28z JtolAl= ER =82 SAl 18 Z=2 M A =L
St

T2 M A V() O RED|ALR
(1) = M7) * (=) * Ry (7)

A
A

J8

- =

=

. E2 T2 A Y(H) 2 PSD

Sy(f) — |H(f)|2 SX(f)
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Of AHJl&t2t &2t PSDE —otct. HIIM ©= (0, 2x) 0l A
SESHS 2E SHEHA0I0 MOSHE S 012t JFF BT
o =0|

[M(t)cos(w,t + ©)M(t + 7)cos(w,(t + 7) + O)]
[M(t)M(t + 7)] - E[cos(w,t + O)cos(w,(t + T) + O)]

S Ny

(1) cos(w,T)

gu

SX(f) — [SM<f_fc)+SM(f+j;)]

T2 pf A 69 /81
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Bandpass Process

QO HS=0l 2BHzQ! LIS sd g Z=AA2] O

—

‘ ~f ‘ 0] ‘ Je -

e Quadrature form
X(t) = X (t)cos2nft + X, (t)sin2wf 1

OIIIA XM XM= =0l B HzQ JIMNS g
2 Hl A 0| CH

e Polar form
X(t) = R(t)cos(2mft + O(t))
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Bandpass Process

0 X ()2 X,()2 SHE =5} X ()22 2HH?

Sy(f = f)+Sx(f+£) [fI<B
0 | f| > B

72181
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O E )} BHAHERIS
-/ O /] T/ g O
gt 20| tHE=0] 2BOl 2 PSDIJF & 8t FJ| Ny/2¢2! O
e T2 N A NI QCHL otAL Of E2AASE & &
OlZ3dt0d E&otet. 8 83 N2 N()2 PSDE
M= Hofet.
Sy (f)
Ny
2
-1 0l 0
2B ‘ ‘ 2B
Sy, (f)=35, (f)
ANO
> f
-B 0 B

I
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Ol Al 6.11

N(t) = N, (t)cos2nft + N (t)sin2nft
XD A2 S0 PSD
Sx(f =)+ Sy(f+ 1) |fI<B
SNc(f):SN ): 0 | > B
N, /1< B
:{o /1> B
N2l & =
BN = [T s =2 2o dp = on,B
—00 N f.—B 2 0

E[N;(t)] = E[N,(t)] = E[N"(t)] = 2N,B

ek A N(@), N(t), N()= 25 St Mt
(

74181
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White Noise

Q PSD
Sy(f) =N, /2
Q Autocorrelation
Ry(r) = “2é(r)

aQ Power =

SN(f) RN(T)
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L_owpass White Noise

a PSD

a Autocorrelation
Ry (1) = N,Bsinc(2BT)

aQ Power
2 NO _
P = E[N*( f S (f)df = fm7df ~ N,B
S (f) R (7)
A& NOB
2 F
—>
. A N
B o B ~v1 | 1
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L_owpass White Noise

O Lowpass White Noise2| Generation Model

Sw () S, (f)
N, N

2

W) ————= H({) |[—— N@)
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Bandpass White Gaussian Nolise

20| 00/ =M= f,
21 51 il Ny/22! 0 = 1t

Ja N

SHO2 (jef= 20| 2AMA PSDI
A =g

1=
s [

—_— >
() |OZ
\J

N(t) = N, (t)cos2nmft + N (t)sin2nft
Ny 1fl<B

SNC(f):SNS(f):{O | f| > B

E[N;(t)] = E[N;(t)] = E[N"(t)] = 2N,B

Mo & S EH+2f AHE T ZE LA 79/81



Bandpass White Gaussian Nolise

uncorrelatedO| (H 0| 00| 1 = 4H0| o2
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Bandpass White Gaussian Nolise

0 Bandpass White Noise2| Polar Form & &
N(t) = R(t) cos|2mft + O(t)]
= JN%(t) + N*(¢t)

O(t) = —tan! [N_(’f)]

O )2 AL 2547
. RIS O N2 S8

=
O(t) = uniform =& E4 = BJE g
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